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Abstract. We give the first example of a quadratic map having a phase 
transition after the first zero of the geometric pressure function. This implies 
that several dimension spectra and large deviation rate functions associated to 
this map are not (expected to be) real analytic, in contrast to the uniformly 
hyperbolic case. The quadratic map we study has a non-recurrent critical 
point, so it is non-uniformly hyperbolic in a strong sense. 



1. Introduction 

In their pioneer works, Sinai, Bowen and Ruelle |Sin72[ Bow75, ,Rue76 initiated 
the thermodynamic formalism of smooth dynamical systems. They gave a complete 
description in the case of a uniformly hyperbolic diffcomorphism and a Holder 
continuous potential. In the last decades there has been a substantial progress 
in extending the theory beyond this setting. A complete picture is emerging in 
real and complex dimensio n 1, see [BT091 QTTT 1 IMSOOl IMS031 IPS081 IPRLllj and 
references therein. See also [Sarlll fUZ09, W10] and references therein for (recent) 
results in higher dimensions. 

In this paper we focus in the quadratic family; one of the simplest and yet 
challenging families of smooth one-dimensional maps. For a real parameter c we 
consider 2 dynamical systems arising from the complex quadratic polynomial 

f c (z) := z 2 + c; 

the action of f c on R and the action of f c on its complex Julia set. For each of these 
dynamical systems and for a varying real number t, we consider the pressure of the 
geometric potential —t\og\Df c \. There are thus 2 pressure functions associated 
to f c - one in the real setting and another one in the complex setting. In what 
follows we use "geometric pressure function" to refer to any of these functions; 
precise definitions and statements are given in §1.11 

Our main interest are "phase transitions" in the statistical mechanics sense: For 
a real number t* the map f c has a phase transition at t = t* if the geometric 
pressure function is not real analytic at t — t*. In the real case, phase transitions 
might be caused by lack of transitivity, see for example |Dob 09 . Since these phase 
transitions are well understood, we restrict our discussion to parameters for which 
the real map is transitive. For c = —2 the map /_2 is a Chebyshev polynomial and 
it has a phase transition at t = — 10 The mechanism behind this phase transition, 
and of any phase transition in the complex setting that occurs at a negative value 



*For c = —2 the Julia set of /_2 is the interval [—2, 2] and both, the real and complex geometric 
pressure functions of /_2 are given by t i— > max{— tlog4, (1 — t)log2}. 
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of t, was explained by Makarov and Smirnov, see jMSOOl Theorem B]Q Combining 
the results of Makarov and Smirnov with recent results of Przytycki and the second 
named author, it follows that for every real parameter c ^ —2 the map f c has at 
most 1 phase transition; moreover, if f c has a phase transition, then it occurs at 
some t > 0. See |PRL11[ §A.3] for the complex case and |PRL12) for the real case. 

To describe the possible phase transitions for c ^ —2, it is useful to distinguish 3 
complementary cases: f c uniformly hyperbolic, f c satisfying the Collet- Eckmann 
condition: 

Xcrit(c) := liminf - log \Df?(c)\ > 0,1 

n— ¥+oo n 

and the remaining case, when f c is not uniformly hyperbolic and does not satisfy the 
Collet-Eckmann condition. The Gollet-Eckmann condition is one of the strongest 
and most studied non- uniform hyperbolicity conditions in dimension 1, see for ex- 
ample [AM05I IBC851 iGSTTl INS981 IPRLS03] and references therein. Benedicks and 
Carleson showed that the set of real parameters c such that f c satisfies the Collet- 
Eckmann condition has positive Lebesgue measure, see [BC85] . Moreover, Avila 
and Moreira showed that the set of real parameters c such that f c is not uniformly 
hyperbolic and does not satisfy the Collet-Eckmann condition has zero Lebesgue 
measure, see |AM05j and also jGSllj . 

When f c is uniformly hyperbolic, the work of Sinai, Bowen and Ruelle can be 
adapted to show that the geometric pressure function is real analytic at every real 
number, see for example [PU101 §6.4]. That is, if f c is uniformly hyperbolic, then 
it has no phase transitions. 

If f c is not uniformly hyperbolic and does not satisfy the Collet-Eckmann con- 
dition, then the geometric pressure function is non-negative and vanishes for large 
values of t, see [NS98| Theorem A] or [RL121 Corollary 1.3] for the real case 
and [PRLS03, Main Theorem] for the complex case. Thus in this case f c has a 
phase transition at the first zero of the geometric pressure function. Note that this 
phase transition is associated to the lack of (non- uniform) expansion of f c . 

This paper is focused in the remaining case, when f c satisfies the Collet-Eckmann 
condition. We show that, contrary to a widespread belief, such a map can have 
a phase transition at some t > 0. As a consequence, several dimension spectra 
and large deviation rate functions associated to such a f c are not (expected to 
be) real analytic, see Remark 11.11 In the complex setting it also follows that the 
corresponding integral means spectrum is not real analytic either. 

Our construction is very flexible. We give the simplest example here, of a "first- 
order" phase transition: The geometric pressure function is not differentiable at 
the phase transition. In the companion paper [CRL12] we modify our construction 

^Makarov and Smirnov showed this type of phase transition is caused by the existence of a 
gap in the Lyapunov spectrum; more precisely, they showed that if a complex rational map has 
a phase transition at some t < 0, then there is a finite set of periodic points F such that there is 
a definite distance separating the Lyapunov exponents of periodic points in F and the Laypunov 
exponents of measures that do not charge F. Makarov and Smirnov also showed that this type 
of phase transition is removable in the following sense: The function obtained by omitting the 
measures that charge F in the supremum defining the geometric pressure function is real analytic 
on (—oo,0) and coincides with the geometric pressure function up to the phase transition. 

^In the complex setting the Collet-Eckmann condition is usually formulated in such a way that 
a uniformly hyperbolic map satisfies the Collet-Eckmann condition by vacuity. Here we use the 
usual terminology in the real setting, for which a uniformly hyperbolic map does not satisfy the 
Collet-Eckmann condition. 



LOW-TEMPERATURE PHASE TRANSITIONS IN THE QUADRATIC FAMILY 



3 



to obtain an "infinite-order" phase transition; that is, a quadratic map having a 
phase transition at which the geometric pressure function is infinitely differentiable. 
To the best of our knowledge it is the first example of a smooth dynamical system 
having an infinite-order phase transition. Our construction is also robust: In every 
sufficiently small perturbation of the quadratic family there is a Collet-Eckmann 
parameter having a phase transition. 

The quadratic maps studied here are largely inspired by the conformal Cantor 
sets with analogous properties studied by Makarov and Smirnov, see [MS03| §5]. 
There are however several important differences. Most notably, the conformal Can- 
tor set studied by Makarov and Smirnov is defined through a map having 2 affinc 
branches, something that cannot be replicated in a complex polynomial or rational 
map. 

These examples show that lack of (non-uniform) expansion is not the only source 
of phase transitions!! In fact, the quadratic maps studied here satisfy a property 
that is even stronger than the Collet-Eckmann condition: The critical point is 
non-rccurr entQ Thus, no slow recurrence condition, such as the one studied by 
Benedicks and Carleson (BC85 or by Yoccoz and by Pesin and Senti |PS08j . is 
sufficient to avoid phase transitions. 

1.1. Statements of results. We consider a set of real parameters close to c = —2, 
for which the critical point z = is mapped to a certain uniformly expanding 
set under forward iteration by / c , see $3] for details. For such a parameter c we 
have f c (c) > c, the interval I c :— [c, / c (c)] is invariant by f Cl and f c is topologi- 
cally exact on this set. We consider both, the interval map / c |/ c and the complex 
quadratic polynomial f c acting on its Julia set J c . 

For a real parameter c denote by the space of probability measures supported 
on I c that are invariant by f c . For a measure fi in ^? denote by h/j,(f c ) the measure 
theoretic entropy of f c with respect to fj, and for each t in M put 

Pf(t) := sup jv/c) - tj log \Df c \dn | fJ, € ^ C R | , 

which is finite. The function : R — > R so defined is called the geometric pressure 
function of f c \i c ; it is convex and non- increasing. An invariant probability measure 
supported on I c is an equilibrium state of f c \i a for the potential — log|D/ c |, if the 
supremum above is attained at this measure. 

Similarly, denote by the space of probability measures supported on J c that 
are invariant by f c and for a measure /i in denote by h ll (f c ) the measure 
theoretic entropy of f c with respect to /i. The geometric pressure function P^ : 
K ->■ R of f c \ Ja is defined by 

P C C W := sup |/ v ( /c ) - t y log \Df c \dn | ii € ^fj . 

An invariant probability measure supported on J c is an equilibrium state of f c \j c 
for the potential — t log \Df c \ if the supremum above is attained at this measure. 



§ In some sense, the phase transitions studied here, as those studied by Makarov and Smirnov, 
are caused by fine combinatorial properties of the critical orbit. 

'This is usually called the "Misiurewicz condition" and it is known to imply the Collet- 
Eckmann condition, see |Mis 81 for the real setting and |Man93l for the complex one. 
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Following the usual terminology in statistical mechanics, for a given t* > the 
map f c \i c (resp. f c \j c ) has a phase transition at t* if P* (resp. P^r) is not real 
analytic at t = t*. As mentioned above, if c ^ —2 and if f c is not uniformly hy- 
perbolic and does not satisfy the Collet-Eckmann condition, then / c |/ c (resp. f c \ j c ) 
has a phase transition at the first zero of P^ (resp. P~) and it has no other phase 
transitions. In accordance with the usual interpretation of t > as the inverse 
of the temperature in statistical mechanics, we say that such a phase transition is 
of high temperature. For a real parameter c and for > the map f c \i c (resp. 
fc\j a ) has a low-temperature phase transition at t„, if it has a phase transition 
at U and P c M (i*) < (resp. P c c (i*) < 0). Note that if f c \ Ic (resp. f c \ Ja ) has a 
low-temperature phase transition, then f c satisfies the Collet-Eckmann condition. 

Main Theorem. There is a real parameter c such that the critical point of f c 
is non-recurrent and such that both, f c \i e and f c \j e have a low-temperature phase 
transition. Furthermore, the parameter c can be chosen so that each of the func- 
tions P C M and P c c is non- differ entiable at the phase transition and so that each of 
the maps f c \j a and f c \j c has a unique equilibrium state at the phase transition. 

For the parameter c we use to prove the Main Theorem, we show that the 
equilibrium state at the phase transition is crgodic and mixing and that its measure 
theoretic entropy is strictly positive, see PropositionlAlin |2J Combined with results 
of Young |You99j and Gouezel |Gou04[ Theoreme 2.3.1], our estimates imply that 
the decay of correlations of this measure is (at most) stretch exponential. 

In the companion paper [CR L12| , we use the results of this paper to show that 
there is a real parameter c and t* > such that both, f c \i c and / c |j c have a low- 
temperature phase transition at t = t* and such that each of the functions P* 
and P^ is infinitely differentiable at t = t*. In that case there is no equilibrium 
state at t — t*, see IRRL11, Corollary 1.3]. 

Remark 1.1. For a parameter c in C the dimension spectrum for Lyapunov expo- 
nents of the complex quadratic polynomial f c {z) = z 2 + c is essentially the Legendre 
transform of P^(t), see |GPR10( Theorem 1] for a precise statement and |Pes97] 
for the general theory. So, for a complex quadratic polynomial as in the Main 
Theorem the dimension spectrum for Lyapunov exponents is not real analytic]! A 
similar behavior is expected for the dimension spectrum for Lyapunov exponents 
of an interval map as in the Main Theorem0 The Legendre transform of P* 
(or P^r) is also related to the dimension spectrum for pointwise dimension and the 
rate function in certain large deviation principles; see for example MS00, §5] for 
the former and [KN92( Theorem 1.2 or 1.3] and [PRL11|. Corollary B.4] for the 
latter. So for a map as in the Main Theorem we expect these functions not to be 
real analytic either. Finally, note that in the complex setting the integral means 
spectrum associated to f c is an affine function of Pf, see [BMS031 Lemma 2]. So 



"The following argument shows that for c as in the Main Theorem, the Legendre transform 
of P^r is not real analytic. Since P^r is not differentiable at the phase transition, there is an interval 
on which the Legendre transform of is affine. So, if the Legendre transform was real analytic, 
then it would be affine on all of its domain of definition. This can only happen if P^r is affine up 
to the phase transition. But |MS 00 Theorem C] or |PRL11I Theorem D] imply that this is not 
the case. 

"More precisely, we expect the dimension spectrum of Lyapunov exponents not to be real 
analytic at the left end point of the interval A appearing in |IT11I Theorem A] . 
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for a parameter c as in the Main Theorem the integral means spectrum associated 
to f c is not real analytic. 

1.2. Organization. After recalling some well-known facts in <|2j we define in £}3]thc 
set of parameters from which we choose the parameter fulfilling the properties in 
the Main Theorem. For a parameter c in this set, the critical value of f c is mapped 
to a uniformly expanding set after a certain number of iterates; this uniformly 
expanding set is denoted by A c and it is defined in £13.31 

In 2] we reduce the proof of the Main Theorem to a criterion stated solely in 
terms of the behavior of the derivatives along the orbit of the critical value; we state 
this result as Proposition [3] To deduce the Main Theorem from Proposition [3] 
in £14.21 we choose a parameter c for which the orbit of the critical value of f c 
has a very particular behavior in A c , described in Lemma [4.41 In this respect the 
quadratic map in the Main Theorem is similar to the conformal Cantor sets studied 
by Makarov and Smirnov in [MS03, §5]. In the proof of the Main Theorem we use 
a uniform distortion bound shown in £14.11 We also use an explicit calculation 
relegated to Appendix \K\ 

The proof of Proposition 1X1 occupies §£j5j [6] and [7] One of the main ingredients is 
the first return map to a neighborhood of the critical point denoted by V c , see §6.11 
In £j5] we estimate the derivatives of the first landing map to V c (Proposition [5J . 
These estimates allow us to show a Bowen type formula relating the geometric 
pressure of the quadratic map f c to a certain 2 variables pressure function of the 
first return map to V c (Proposition [C] in £|6.2p . Using this result we estimate in £j7] 
the geometric pressure function of the quadratic map in terms of the derivatives 
along the orbit of the critical value (Proposition [D]). Proposition[3]is easily deduced 
from Proposition [Dl and well-known arguments. 

1.3. Acknowledgments. We thank Weixiao Shen for a useful remark. Daniel 
Coronel acknowledges partial support from FONDECYT post-doctoral grant 3100092 
This article was completed while Juan Rivera-Letelier was visiting Brown University 
and the Institute for Computational and Experimental Research in Mathematics 
(ICERM). He thanks both of these institutions for the optimal working conditions 
provided and acknowledges partial support from FONDECYT grant 1100922. 

2. Preliminaries 

We use N to denote the set of integers that are greater than or equal to 1 and 
put N :=NU{0}. 

For an annulus A contained in C we use mod(A) to denote the conformal modulus 
of A. 

2.1. Koebe principle. We use the following version of Koebe distortion theorem 
that can be found, for example, in [McM94] . Given an open subset G of C and a 
univalent map / : G — > C, the distortion of f on a subset C of G is by definition 

sup \Df(x)\/\Df(y)\. 

x,yeC 

Koebe Distortion Theorem. For each A > there is a constant A > 1 such that 
for each topological disk W contained in C and each compact set K contained in W 
and such that W \ K is an annulus of modulus at least A, the following property 



6 DANIEL CORONEL AND JUAN RIVERA-LETELIER 

holds: For each open topological disk U contained in C and every biholomorphic 
map f : U — » W , the distortion of f on f~ l {K) is bounded by A. 

2.2. Quadratic polynomials, Green functions and Bottcher coordinates. 

In this subsection and the next we recall some basic facts about the dynamics of 
complex quadratic polynomials, see for instance jCG93] or |Mil06j for references. 
For c in C denote by f c the complex quadratic polynomial 

f c (z) = Z 2 + C, 

and by K c the filled Julia set of f c ; that is, the set of all points z in C whose 
forward orbit under f c is bounded in C. The set K c is compact and its complement 
is the connected set consisting of all points whose orbit converges to infinity in the 
Riemann sphere. Furthermore, we have f~ x {K c ) = K c and f c {K c ) = K c . The 
boundary J c of K c is the Julia set of f c . 

For a parameter c in C, the Green function of K c is the function G c : C — > 
[0, +oo) that is identically on K c and that for z outside K c is given by the limit 

(2.1) G c [z)= lim llog|/ c "(z)| >0. 

n— >+oo z 

The function G c is continuous, subharmonic, satisfies G c o f c — 2G C on C, and it is 
harmonic and strictly positive outside K c . On the other hand, the critical values 
are bounded from above by G c (0) and the open set 

U c :={zeC\ G c (z) > G c (0)} 

is homeomorphic to a punctured disk. Notice that G c (c) — 2G C (0), thus U c con- 
tains c. Moreover, the Green's functions of f c and fc are related by Gc(z) = G c (z). 
By Bottcher's Theorem there is a unique conformal representation 

tp c ■ U c -> {z G C I \z\ > ex P (G c (0))}, 

that conjugates f c to z t— > z 2 . It is called the Bottcher coordinate of f c and satisfies 
G c = log \<p c \- Note that Uc = U c and ipc = TpZ. 

2.3. External rays and equipotentials. Let c be in C. For v > the equipo- 
tential v of f c is by definition Gj 1 (w). A Green's line of G c is a smooth curve on 
the complement of K c in C that is orthogonal to the equipotentials of G c and that 
is maximal with this property. Given t in M/Z, the external ray of angle t of f c , 
denoted by R c (t), is the Green's line of G c containing 

{(fc 1 (rexp(2Trit)) | exp(G c (0)) < r < +oo}. 

By the identity G c o f c = 2G C , for each v > and each t in M/Z the map f c maps 
the equipotential v to the equipotential 2v and maps R c (t) to R c (2t). For t in R/Z 
the external ray R c (t) lands at a point z, if G c : R c (t) — > (0, +oo) is a bijection 
and if G c \~^^{v) converges to z as v converges to in (0, +oo). By the continuity 
of G c , every landing point is in J c = dK c - 

We use the following general lemma several times. 

Lemma 2.1. Let c be a parameter in C, let t be in R/Z and suppose that the 
external ray R c (t) lands at a point Zq of K c different from c; so f~ 1 (zo) consists 
of 2 distinct points. Then each point of / ( T 1 (^o) *s the landing point of precisely 1 
of the external rays R c (t/2) or R c ((t + l)/2). 
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Proof. Since /~ (zo) consists of 2 distinct points, it is enough to show that each 
point z of /,T 1 (zo) is the landing point of either R c (t/2) or R c ((t+ 1)/2). Since zq is 
different from c, there is an open neighborhood U of z and an open neighborhood Uq 
of Zq such that f c maps U biholomorphically to Uq. Reducing U and Uq if necessary, 
it follows that f~ 1 (R c (t)) is contained in an external ray landing at z. It must be 
either R c (t/2) or R c ((t + l)/2). □ 

The Mandelbrot set A4 is the subset of C of those parameters c for which K c is 
connected. The function 

C\M ->■ C\cl(D) 
c i-> $(c) := V3 c (c) 

is a conformal representation, see [DH841 VIII, Theoreme 1]. Since for each pa- 
rameter c in C we have ipc — it follows that $(c) — $(c); that is, $ is real. 
For v > the equipotential v of M. is by definition 

£(«) := r^jzeCI |*|=«}). 

On the other hand, for t in R/Z the set 

Tl{t) := ^~ 1 ({rexp(2wit) | r > 1}). 

is called the external ray of angle t of M. We say that 72(i) lands at a point z in C 
if $ _1 (rexp(27rii)) converges to z as r \ 1. When this happens z belongs to dAA. 

2.4. The wake 1/2. In this subsection we recall a few facts that can be found for 
example in |DH84j or [MilOOj . 

Both external rays 72.(1/3) and 72(2/3) of M. land at the parameter c = —3/4 and 
these are the only external rays of M. that land at this point, see for example [MilOO, 
Theorem 1.2]. In particular, the complement in C of the set 

72(1/3) U 72(2/3) U {-3/4} 

has 2 connected components; denote by W the connected component containing 
the point c = —2 of M.. 

For each parameter c in W the map f c has 2 distinct fixed points; one of the them 
is the landing point of the external ray R C (Q) and it is denoted by /3(c); the other 
one is denoted by a(c). The only external ray landing at /3(c) is i? c (0). Lemma [2~T1 
implies that the only external ray landing at —/3(c) is i£ c (l/2). 

For the following fact, see for example |MilOO| Theorem 1.2]. 

Theorem 1. Let c be a parameter in W. Then the only external rays of f c landing 
at a(c) are i? c (l/3) and i? c (2/3). 

For c in W, the complement of i? c (l/3) U i? c (2/3) U {a(c)} in C has 2 con- 
nected components; on containing —/3(c) and z = c, and the other one contain- 
ing /3(c) and z = 0. On the other hand, the point a(c) has 2 pre-images by f c : 
itself and 5(c) := — a(c). Together with Lemma 12. 1[ the theorem above implies 
that i? c (l/6) and i? c (5/6) are the only external rays landing at 5(c). 

Theorem 2 (UDH84 , VIII, Theoreme 2 and XIII, §1). Let p and q be integers 
without common factors, with q even. Then the external ray lZ(p/q) of M. lands 
and the landing point c is such that the critical point of f c is eventually periodic 
but not periodic and such that the critical value c of f c is the landing point of the 
external ray R c {p/q) of f c . Conversely, if c is a parameter in C such that the critical 
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point of fc is eventually periodic but not periodic, then there are integers p and q 
without common factors and with q even, such that the critical value c of f c is the 
landing point of R c (p/q); moreover, every external ray of f c landing at c is of this 
form. In this case the parameter c is the landing point of the external ray lZ c (p/q) 



Note that for the parameter c = —2 we have c = —/3(c), so the theorem above 
implies that 72.(1/2) is the only external ray of M. that lands at —2. 

2.5. Yoccoz puzzles and para-puzzle. In this subsection we recall the defini- 
tions of Yoccoz puzzle and para-puzzle. We follow [RoeOOj . 

Definition 2.2 (Yoccoz puzzles). Fix c in W and consider the open region X c :— 
{z £ C \ G c {z) < I}. The Yoccoz puzzle of f c is given by the following sequence of 
graphs (I c ,n)n=o defined for n — by: 



and for n > 1 by l c n := f^ n (I c .o)- The puzzle pieces of depth n are the connected 
components of f~ n (X c ) \ I c ^ n . The puzzle piece of depth n containing a point z is 
denoted by P c _ n (z). 

Note that for a real parameter c, every puzzle piece intersecting the real line is 
invariant under complex conjugation. Since puzzle pieces are simply-connected, it 
follows that the intersection of such a puzzle piece with K is an interval. 

Definition 2.3 (Yoccoz para-puzzles). Given an integer n > put 



let X n be the intersection of W with the open region in the parameter plane bounded 
by the equipotential 8 (2 _n ) of Ai, and put 



Then the Yoccoz para-puzzle of W is the sequence of graphs (In)n=o- The P ara ~ 
puzzle pieces of depth n are the connected components of X n \ X n . The para-puzzle 
piece of depth n containing a parameter c is denoted by V n {c). 

Observe that there is only 1 para-puzzle piece of depth and only 1 para- 
puzzle piece of depth 1; they arc bounded by the same external rays but different 
equipotentials. Both of them contain c = — 2. 

Definition 2.4 (Holomorphic motion). Let C be a complex manifold and fix cq 
in C. Given a subset Z of C, a map 

h:C x Z ^>CxC 

of the form (c, z) i— > (c, h c (z)) is a holomorphic motion based at Co if h c ° is the 
identity on Z , if for each z in Z its restriction to C x {z} is holomorphic and if for 
each c € C its restriction to {c} x Z is injective. 



ofM. 



I c .o := dX c U (X c n cl(i? c (l/3)) n cl(J? c (2/3))) 



Jn := {t e [1/3, 2/3] | 2 n t (mod 1) e {1/3, 2/3}}, 




t+In contrast with [RoeOO] . we only consider para-puzzles contained in W. 
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See [RocOO for a reference to the following lemma; the statement here is slightly 
different from the statement in RoeOO] since we extend the domain of definition of 
the holomorphic motions, but the proof is the same. For each integer n > 1 put 

V n :={weC\ log+ M > 2-"}. 

Lemma 2.5. Let n > be an integer and cq a parameter contained in a para-puzzle 
of depth n. Then there exists a holomorphic motion 

h n ■ Vn(co) X (I C0 ,„+i U ip-^Vn+x)) -> V n (c a ) X C 

(c,z) i y h n (c, z) := (c, h c n {z)) 

such that for every c in V n {co) the function h c n is an extension of the restriction 
of if' 1 o ip Co to I Co ,n+l U f^iVn+l) that satisfies I c ,n+\ = h c n {I C() ,n+i)- Moreover, 
when n > 1 the map h n coincides with h n -\ on V n {co) x (I Co .n U if^ (V n )) and for 
each c in V n (co) we have f c o h c n = h c n _ x 

° fco on I C0 ,„+i U if^iVn+i). 

3. Parameters 

In this section we study the set of parameters from which we choose the param- 
eter in the Main Theorem and at the same time introduce some notation used in 
the rest of the paper. 

Given an integer n > 3, let K, n be the set of all those real parameters c such that 
the following properties hold: 

1. We have c < and for each j in {1, . . . , n — 1} we have f[{c) > 0. 

2. For every integer fc > we have 

f c l+3k+1 (c) < and /™ +3fc+2 (c) > 0. 

Note that for a parameter c in IC n the critical point of f c cannot be asymptotic 
to a periodic point, see [MT881 §8]. This implies that all the periodic points of f c 
in C are hyperbolic repelling and therefore that K c = J c , see [Mil06] . On the 
other hand, we have / c (c) > c and the interval I c — [c, / c (c)] is invariant by f c . 
This implies that I c is contained in J c and hence that for every real number t we 
have Pj?(t) < Pc(t)- Note also that f c \i e is not renormalizable, so f c is topologically 
exact on I c , see for example (dMvS93l Thoerem III.4.1]. 

Since for c in IC n the critical point of f c is not periodic, we can define the 
sequence t(c) in {0, 1} N ° for each fc > by 

JO if / c "+ 3fe (c) < 0; 
L[C,k \l if / c "+ 3fe (c) > 0. 
The remainder of this section is devoted to prove the following proposition. 
Proposition 3.1. For each integer n > 3 the set K, n is a compact subset of 

7> n (-2)n(-2,-3/4) 

and for every sequence x in {0, 1} N ° there is a unique parameter c in JC n such 
that i(c) = x. Finally, for each S > there is n\ > 3 such that for each integer n > 
ni the set JC n is contained in the interval (—2, —2 + 5). 

After defining some sequences of puzzle pieces that are important for the rest of 
this paper in £13.11 we study the para-puzzle pieces containing c = — 2 in §3.21 and 
the maximal invariant set of /,? in P Cj i(0) in §3.31 The proof of Proposition 13 . 1 1 is 
in §331 
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3.1. First landing domains to P Cj i(0). Fix a parameter c in Vo(— 2). 

The following are consequences of the facts recalled in §2.41 There are precisely 2 
puzzle pieces of depth 0: P C fi(f3(c)) and P c .o(— /3(c)). Each of them is bounded 
by the equipotential 1 and by the closures of the external rays landing at a(c). 
Furthermore, the critical value c of f c is contained in P c ,o(~ /3(c)) and the critical 
point in P Cj o(/?(c)). It follows that the set /~ 1 (P Cj o(/3(c))) is the disjoint union 
of P c ,i(— /3( c )) andP C; i(/3(c)), so f c maps each of the sets P Cj i(— /3(c)) and P Cj i (/3(c)) 
biholomorphically to P Cj o(/3(c)). Moreover, there are precisely 3 puzzle pieces of 
depth 1: 

Pel (-0(c)), Pc,i (0) and P c ,i(/3(c)); 

P c ,i(— y8(c)) is bounded by the equipotential 1/2 and by the closures of the external 
rays that land at a(c); P Ci i(/3(c)) is bounded by the equipotential 1/2 and by the 
closures of the external rays that land at 5(c); and P c ,i(0) is bounded by the 
equipotential 1/2 and by the closures of the external rays that land at a(c) and 
at 5(c). In particular, the closure of P Cj i(/3(c)) is contained in P Cj o(/3(c)). 
Put 

4>c ■= /clp < , il (_^( c )) an d <ftc ■= fc\p Ctl (p( c ))' 

Since the closure of </> c (P c ,o(/3(c))) = P c s(fi(c)) is contained in P c ,o(/3(c)), all the 
iterates of </> c are defined on P Cy0 ((3(c)) and take images in P Ci i(/3(c)). Put ao(c) :— 
a(c), 5o(c) := 5(c) and for each integer n > 1 put 

5„(c) := 0™(5 o (c)), a„(c) := c (5„_i(c)), 

V c , n := C(P c ,i(0)) and V c , n := C o ^(^(O)). 

Note that /" maps each of the sets V c ^ n and V c ^ n biholomorphically to P Cj i(0); so 
both, V c . n and V r Cj „ are puzzle pieces of depth n + 1. On the other hand, /" maps 
each of the sets P Ci „(— /3(c)) and P Cj „(/3(c)) biholomorphically to P Ci o(/3(c)). Note 
moreover that if c is real, then f c , <f> c and (/> c are all real, so a(c), 5(c), a n (c) and 
5„(c) are also real and each of the sets V c ,n, Vc,n, Pc,n( — /3(c)) and P C! „(/3(c)) is 
invariant by complex conjugation and intersects R. 

Lemma 3.2. Let c be a parameter in Vo(—2). Then for every integer n > the 
only external rays that land at a n (c) are R c ( g'.^n+i ) and R c ( 3.2"+ * ) an< ^ ^ e on ^V 
external rays that land at 5„(c) are R c ( 3 , 2 i+i ) arl ^ -Re ^'g^t+T 1 ^ • Furthermore, 
for each integer n > 1 £/ie following properties hold. 

1. The only puzzle pieces of depth n + 1 contained in P c , n {— /3(c)) are P c , n +i(— /3(c)) 
and V^ n . Moreover, the closure of P c .n+i(— /3(c)) is contained in the open 
set ;P B ,n(- 0(c)). 

2. The puzzle piece P c ,n{— /3(c)) is bounded by the external rays landing at a„_i(c) 
and the equipotential 1/2"; the puzzle piece P c , n (/3(c)) is bounded by the closure 
of the external rays landing at 5„_i(c) and the equipotential 1/2™. 

Proof. For an integer n > put (9„ := 3 , 2 i+i and := 1 — 6 n . 

The proof of the first assertion is by induction. When n = the assertion is 
shown in W2A\ Given an integer n > assume that the only external rays that land 
at 5„(c) are those of angles 6 n and 9' n . Since /~ (5„(c)) = {a n +i(c), 5„ + i(c)}, by 
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Lcmma l2. li the only external rays landing at a n +i(c) or a n +i(c) are those of angles 
Of, e " 2 l ~ 1 , and n ^" 1 . Since 

e n 1 e' n e n + i 5 ^ + 1 
— < - < — < < - < — — 

2 6 2 2 6 2 

and since a n +i(c) is in P c ,i(/3(c)), the external rays of angles ^ and " 2 1 " 1 land at 

5n+i(c). By Lemma [2.11 it follows that the external rays of angles ^f- and 9 " 2 1 " 1 
land at a„ + i(c). This completes the proof of the induction step and of the first 
assertion of the lemma. 

To prove the rest of the assertions, assume n > 1. Since /" maps P c ,„(— /3(c)) 
biholomorphically to P c ,o(/3(c)), V c ,n biholomorphically to P C! i(0), and P c ,n+i((3(c)) 
biholomorphically to P Cj i(/3(c)), it follows that the only puzzle pieces of depth n+1 
contained in P c ,„(— /3(c)) are V c , n and P c . n+ i(— /3(c)). On the other hand, since 
the closure of P C: i((3(c)) is contained in P C! o(/3(c)), it follows that the closure 
of P c , n+ i(— /3(c)) is contained in P Ci „(— /3(c)). We have thus proved part 1. When n = 
1 part 2 follows from the considerations above. To prove part 2 when n > 2, recall 
that maps each of the sets P c , n -i(— /3(c)) and P c ,„_i(/3(c)) biholomorphically 
t° fc,o(/3(c)). Since the closure of P c ,i(/3(c)) is contained in P C;0 (/3(c)) and since 5(c) 
is the only point in the boundary of P Cl i (/3(c)) that is in the Julia set of / c , it follows 
that a„_i(c) is the only point in the boundary of P c ,„(— /3(c)) that is in the Julia 
set of f c and that 5 n _i(c) is the only point in the boundary of P C! „(/3(c)) that is in 
the Julia set of f c . This implies part 2 and completes the proof of the lemma. □ 

3.2. Para-puzzle pieces containing c = —2. The purpose of this subsection is 
to prove the following lemma. 

Lemma 3.3. For each integer n > 1 the following properties hold. 

1. The para-puzzle piece P„(— 2) contains the closure of V n +i{— 2). 

2. For each parameter c in V n {—2) the critical value c of f c is in P Ci „(— /3(c)). 

The proof of this lemma is given after the following one. 
For each integer n > put 

_ 3 • 2" - 1 _ 3 • 2™ + 1 

t r> • — 7~* — and t _ '. — rr: — 

3 • 2™+ 3 • 2"+ 

Lemma 3.4. Fix an integer n > 1. Then the parameter c — —2 is contained 
in a para-puzzle piece of depth n and there is a unique point a n -i in the boundary 
o/P n (— 2) that is contained inM. Furthermore, S„_i is inM., the only the external 
rays ofAi that land ata n -\ are1Z(t n -i) and TZ(t' n _i) , andV n (—2) is invariant un- 
der complex conjugation. In particular, V n (—2) is bounded by the equipotential 1/2™ 
and the closures of the external rays TZ{t n -i) and lZ{t' n _i) of M.. 

Proof. Since 72.(1/2) is the only external ray of M. that lands at c = —2 and 
since t = 1/2 is not in J„, it follows that c = —2 is contained in a para-puzzle of 
level n. On the other hand, by Theorem[2]the external ray lZ(t n -i) of M. lands at a 
parameter in A4 , denoted by a n _i, and the external ray Ps„_! (t n -i) of /a„_i lands 
at the critical value a n _i of /a n _ x . By Lemma l3.2l we have that a n _i (a n _i) = a n -i 
and that Ps„_ 1 (tn-i) and Ps„_ 1 (i^_ 1 ) are the only external rays of /a n _i landing 
at On_i. Using Theorem [5] again, we conclude that 72(i„_i) and 72(i^_ 1 ) are the 
only external rays of M. landing at a„_i. Since $ is real, we have 7l(t' n ) — lZ(t n ) 
and therefore a n -i is in K. On the other hand, since the interval (t n — 1,^-1) 
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is disjoint from J n and contains 1/2, the closures of the external rays TZ(t n -i) 
and TZ.{t' n _i) of M. and the cquipotcntial 1/2™ of M. bound a para-puzzlc piece of 
depth n that contains c = —2; that is, they bound V n (— 2). It follows that a n _i is 
the only point in the boundary of P„(— 2) in A4. That V n {~ 2) is invariant under 
complex conjugation follows from the fact that 2 n _i and $ are real. □ 

Proof of Lemma COl Part 1 follows from the descriptions of P n (— 2) and P„+i(— 2) 
in terms of external rays and equipotentials given by Lemma 13.41 

To prove part 2, we use the following direct consequence of the definitions of the 
puzzle and the para-puzzle and of Theorem [2] A parameter c in W is in a para- 
puzzle piece of depth n if and only if the critical value c of f c is in a puzzle piece 
of depth n of f c . Note that for c = —2 the critical value of /_2 is equal to — (3(— 2) 
and hence it is in P_2.n(— 2)). Since P c>n (— /3(c)) depends continuously with c 
on T n -i(—2) (Lemma 12.51) and since P„(— 2) is connected by definition, it follows 
that for each c in V n (— 2) the critical value c of / c is in P c , n {~ 0(c))- O 

3.3. The uniformly expanding Cantor set. Let c be a parameter in P 3 (— 2). 
In this subsection we study the maximal invariant set A c of f% in P C) i(0). 

Note first that the critical value c of f c is in P C)3 (— /3(c)) (part 2 of Lemma l3~3j) 
and hence in P Ci2 (— /3(c)). Since «i(c) is in the boundary of P c ,i{— 0(c)) an d 
since the only external rays that land at this point are P c (5/12) and P c (7/12) 
fLemma l3.2p . by Lemma |2~T1 the external rays P c (7/24) and P c (17/24) land at the 
same point, denoted by w(c), and these are the only external rays that lands at this 
point. Similarly, the external rays P c (5/24) and P c (19/24) land at the same point, 
denoted by w(c), and these are the only external rays that land at uj(c). Note that 
if in addition c is real, then the points a(c) and «i(c) are both real f £)3.ip ; together 
with the fact that c is in P C)2 (— /3(c)), this implies c < a\(c) < a(c) (c/., part 2 of 
Lemma f3 . 2 1) . It follows that the points w(c) and w(c) are both real and that the 
set P c , 3 (0) = f-\P Ci2 (-0(c))) satisfies 

p C)3 (G)nm = (w(c),2(c)). 

Lemma 3.5. Let c be a parameter in P 3 (— 2). Then there are precisely 2 connected 
components o//~ 3 (P Cj i(0)) contained in P Cj i(0): one containing oj(c) in its closure, 
denoted by Y c , and another one containing ui{c) in its closure, denoted by Y c ; the 
map f% maps each of the sets Y c and Y c biholomorphically to P c ,i(0). Moreover, 
the closures ofY c and ofY c are disjoint and contained in P C) i(0) and the set Y C L)Y C 
is contained in P C) 3(0) and it is disjoint from P Cj 4(0). Finally, if c is real, then each 
of the sets Y c and Y c is invariant by complex conjugation and intersects K. 

Proof. We prove first 

(3.i) fc 3 (PcA0)) n p c ,i(o) = f-\v c , 2 ). 

First notice that, since f% maps V c ,2 biholomorphically to P Cj i(0), the set / t r 1 (V r Ci 2) 
is contained in /~ 3 (P C! i(0)). On the other hand, the set / c (P c ,i(0)) = P C) q(— /3(c)) 
contains V c ,2, so /~ 1 (V r Cj 2) is contained in P Ci i(0). This proves that the set in the 
right hand side of (|3.ip is contained in the set in the left hand side. To prove the 
reverse inclusion, let z be a point in P Cj i(0) such that /,? (z) is in P Ci i(0). Then z 
is in a puzzle piece of depth 4 and f c (z) is in a puzzle piece of depth 3 contained 
in P c .i(— /3(c)). This implies f^(z) is in P Cj o(/3(c)). On the other hand, f%(z) is 
in /- 1 (P Cl i(0)) = Yd U %x and V cA is contained in P c>1 (-/3(c)) C P cfi {-p(c)) 
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(part 1 of Lemma f3.2j) . so we conclude that f^{z) is in V c ,i and hence that f c {z) 
is in / ( 7 1 (V r Ci i) = V c ,2 U V c> 2. Since / c (^) is in P c ,i(— /3(c)) and T4,2 is contained 
in P c ,2(/?(c)) C P c ,i(/3(c)) (part 1 of Lemma f3 . 2 [) . we conclude that / c (^) is in V Cj 2 
and hence that z is in /~ 1 (V r C 2)- This completes the proof of (|3.1[) . 

To prove the assertions of the lemma, note that by part 2 of Lemma 13.31 the 
critical value c of f c is in P c ,3(— (3(c)), so it is not in the closure of V C 2- This 
implies that / ( T 1 (V r Cj 2) has 2 connected components whose closures are disjoint. On 
the other hand, V c ,2 contains a±(c) in its closure (c/., parts 1 and 2 of Lemma [372]) . 
so one of the connected components of /^(V^) contains w(c) in its closure and the 
other one contains w(c) in its closure; denote them by Y c and Y c , respectively. It 
follows that /J maps each of the sets Y c and Y c biholomorphically to P C) i(0). From 
the fact that V Ci 2 is contained in P c ,2( — /3(c)) an d that the closure of this last set is 
contained in P c i(— /8(c)) (part 1 of Lemma T3. 21 with n — 1 and n = 2), it follows 
that closures of Y c and Y c are both contained in P c ,2(0) = / c T 1 (P c ,i(— /3(c))). Note 
also that V Ci 2 is contained in P C| a(— /J(c)) and it is disjoint from P c ,3(— /3(c)) (part 1 
of Lemma l3~2|) . so Y c U Y" c is contained in P c ,3(0) and it is disjoint from P c ,a(0)- To 
prove the last statement of the lemma, suppose c is real. Then f c and a±(c) are 
real and V c ,2 is invariant by complex conjugation ( §3.1j) . Since c is in P c ^(—f3(c)) 
we also have c < cei(c). It follows that each of the sets Y c and Y c is invariant by 
complex conjugation and intersects R. This completes the proof of the lemma. □ 

For a parameter c in Vs(— 3) define 

g c :Y C UY C -> P c ,i(0) 

z h> 3c (z) := / c 3 (z). 

Lemma 13.51 implies that g c maps each of the sets Y c and Y c biholomorphically 
to P Cj i(0) and that 

A c = n <? c - n (ci(p c ,i(o))). 

In particular, A c is contained in Y C L)Y C . So Lemma |3 . 5 1 implies that A c is contained 
in P c ,3(0) and that it is disjoint from P Cj 4(0). Moreover, Lemma [3.51 also implies 
that g c is a Markov map, so A c is a Cantor set and g c is uniformly expanding on A c , 
see for instance [dFdM08j . In particular, g c has a unique hxed point in Y c and a 
unique fixed point in Y c . Finally, note that if c is real, then g c is real and A c is 
contained in R. 

3.4. Proof of Proposition 13.11 

Lemma 3.6. There is a constant Ai > 1 such that for each parameter c in V2{— 2) 
the following properties hold for each integer k > 2: We have 

A^\Df c ((3(c))\- k < diam(P c , fc (-/3(c))) < A 1 |D/ c (/3(c))|- fe 

and for each point y in P Cl fe(— /9(c)) or in P Cj fc(/3(c)) we have 

A^\Df c (f3(c)t < \Df k Av)\ < A^DUmt- 

Proof. Since P Cl i(/3(c)) depends continuously with c on T'o(—2) (cf, Lemma [2.5[) 
and since Vq(— 2) contains the closure of P2(— 2) (part 1 of Lemma |3~3|) . we have 

Si := sup sup \Df c (z)\ < +oo 

cev 2 (-2) zePc.i{P(c)) 
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and 



5 2 := inf inf \Df c (z)\ > 0, 

cev 2 (-2) zeP c .i(P(c)) 

5 3 := sup diam(P c ,i(/3(c))) < +00. 

C67M-2) 



S 4 := inf diam(P c i(/9(c))) > 0. 
ceV 2 (-2) 



On the other hand, since for each c in T'o(—2) the set P Cj o(/3(c)) contains the closure 
of P c ,i(/3(c)) (c/., g33J), we have 

H s := inf mod(P c . (/3(c)) \ cl(P c>1 (/3(c)))) > 0. 

Let A > 1 be the constant given by Koebe Distortion Theorem with A = E5. 

Let c be a parameter in Vi{— 2) and let k > 2 be an integer. Since f^T 1 maps 
each of the sets P Cj fc_i(/3(c)) and P Ci k-i(— 0(c)) biholomorphically to P Cj0 (/9(c)), 
the distortion of on P Ci fc(/3(c)) is bounded by A. So for each y in P c> fc(— /3(c)) 
or in P Ci fc(/3(c)) we have 

A-^/cGSCc))!*- 1 < lA/r 1 ^)! < A\Df c (f3(c))\ k -\ 

This implies the first assertion of the lemma with Ai = A max{SiS3, S4 } and 
second with Aj = ASiS^ 1 . □ 

Proof of Proposition \S.ll By the monotonicity of the kneading invariant, the set JC n 
is contained in (— 2,5„_i), see [MT88| Theorem 13.1]. Combined with Lemma I3T41 
this implies that fC n is contained in P„(— 2). Since Si = —3/4, we also have K n C 
(—2, —3/4). To prove that JC n is compact, just observe that from the definitions we 
have 

/C n = {cG [-2,a n _i] |/ c "(c) GA C }. 

For a given a; in {0, 1} N ° the existence and uniqueness of c in JC n such that t(c) = x 
is a direct consequence of general results of Milnor and Thurston and of Yoccoz, 
see for example |MT88l ldMvS93] and |Hub93j . 

To prove the last statement of the proposition we show that diam(P n (— 2)) — > 
as n — > +00. To do this, let Ai > 1 be given by Lemma \TM put 

S:= ce ^- 2 )I^ C ))I> 1 ' 

and let r : Po(— 2) — > C be the holomorphic function defined by r(c) := c + /3(c). 
A direct computation shows that c = —2 is the only zero of r and that r'(— 2) 7^ 0. 
Since the closure of Vi[— 2) is contained in Po(— 2) (part 1 of Lemma I3~3l . there is 
a constant C > such that for every c in P 2 (— 2) we have 

(3-2) " C -(- 2 )I^F(%- 

Let n > 2 be an integer and c a parameter in P„(— 2). By part 2 of Lemma 13.31 
we have c € P c ,n(— /3(c)). So by Lemma 13.61 with k = n and the definition of S we 
have, 

|r(c)| = |c- (-/3(c))| < Ai|D/ c (^(c))| _n < A^"". 

Combining this inequality with (|3. 21) . we conclude that diamP„(— 2) -> as 11 -> 
+00. This completes the proof of the proposition. □ 
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4. Reduced statement 

The purpose of this section is to state a sufficient criterion for a quadratic map 
corresponding to a parameter in [J^*^ lC n to have a low-temperature phase transi- 
tion (Proposition[5} . The rest of this section is devoted to prove the Main Theorem 
using this criterion. The proof of Proposition [A] occupies §$5l[6]and[7] 

Recall that for a real parameter c, 

Xcrit(c) = liminf !log|£>/ c m (c)|. 

m->+oo m 

Proposition A. There is n a > 3 and a constant Co > 1 such that for every 
integer n > no and every parameter c in K, n the following property holds. Suppose 
that for every t > sufficiently large the sum 

ex P ((n + 3fc)t X c r it(c)/2)| J D/ c "+ 3fc (c)r*/ 2 

is less than or equal to C^ 1 and that for some to > 3 the sum above with t = to 
is finite and greater than or equal to Cq° . Then there is t* > to such that f c \i c 
(resp. f c \j a ) has a low-temperature phase transition at t = t*. If in addition the 
sum 

+oo 

]T k ■ exp((n + 3fc)^Xcrit(c)/2)|^/»+ 3fe (c)r t */ 2 

is finite, then Pf~ (resp. P^r) is not differentiable at t = t* and there is a unique 
equilibrium state of f c \i c (resp. f c \j c ) for the potential — t* log |-D/ C |. Furthermore, 
this measure is ergodic, mixing, and its measure theoretic entropy is strictly positive. 

After making a uniform distortion bound in H4.ll we give the proof of the Main 
Theorem in ^4.21 

4.1. Uniform distortion bound. In this subsection we prove a uniform distortion 
bound, stated as Lemma l4~3l below. We start with some preparatory lemmas. Recall 
that for a parameter c in Vi{— 2) the external rays R C (7/2A) and i? c (17/24) land 
at the point w(c) in P Ci i(0), see 8 33.31 

Lemma 4.1. For every parameter c in V^^—^) the following properties hold: 

1. The open disk U c containing —/3(c) that is bounded by the equipotential 2 
and by 

(4.1) i? c (7/24) U Mc)} U i? c (17/24), 

contains the closure of P c ,o{~ P( c ))- 

2. The open set W c := / ( T 1 (C/ C ) contains the closure o/P Cj i(0) and it depends 
continuously with c on V^(— 2). 

Proof. 

1. Since the puzzle piece P c ,o{— /3(c)) is bounded by the equipotential 1 and 
by i? c (l/3) U {a(c)} U i? c (2/3) (Theorem Q] and g3T]) and since 7/24 < 1/3 < 
2/3 < 17/24, we deduce that U c contains the closure of P c ,o(— P( c )) ■ 

2. That W c contains the closure of P Ci i(0) = / t T 1 (P c ,o(~/3(c))) is a direct con- 
sequence of part 1. To show that W c depends continuously with c on V^{— 2), it 
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is enough to show that dW c depends continuously with c on Vz{— 2). This last 
assertion follows directly from Lemma l2~5l □ 



Lemma 4.2. Let n > 3 be an integer and let c be a parameter in K, n . Then for 
every integer j > 1 the point fl (0) is contained in 

(4.2) P c , 1 (-/3(c))UA c UP ca (/3(c)). 

Moreover, this set is disjoint from U c \ P C) o(— /3(c)) and from P c ^(0). 

Proof. By part 2 of Lemma f3 .31 the critical value c of f c is in P c . n (— /3(c)). Thus 
for each j in {1, . . . , n — 1} the point /|(c) belongs to P Ci „_j(/3(c)) C P Ci i(/3(c)). 
Using the hypothesis that c is in K, n , we conclude that for every integer k > the 
point /™ +3fc (c) belongs to A c , that /™+ 3fc+1 (c) belongs to V c , 2 C P c ,i(-/3(c)) and 
that /™+ 3fc + 2 (c) belongs to 7 C)1 C P Cil (-/3(c)). This proves the first part of the 
lemma. 

To prove the last assertion of the lemma, note that P Ci 4(0) is disjoint from A c 
f £|3.3[) . On the other hand, P Ci 4(0) is contained in P c .i(0) and it is therefore 
disjoint from P c l (— /3(c)) U P c .i(/?(c)). It remains to prove that (I4.2[) is disjoint 
from U c \ P C) o(— /3(c)). This last set is disjoint from P c ,i(— /3(c)). To complete 
the proof, observe that the set (|4. 1 [) separates C into 2 connected components: 
one containing —/3(c), denoted by P, and another one containing /3(c), denoted 
by P. Clearly U c is contained in P. On the other hand, part 2 of Lemma [372] im- 
plies that P C) i(/3(c)) is contained in P. Finally, note that A c is contained in P c ,3(0) 
(j OOH and that this last set is contained in P, see the beginning of ^3.31 This shows 
that A c and P Cj i(/3(c)) are both disjoint from U c , and hence from U c \ P Ci o(— /3(c)). 
This completes the proof of the lemma. □ 

Lemma 4.3 (Uniform distortion bound). There is A 2 > 1 such that for each 
integer n > 4 and each parameter c in IC n the following properties hold: For each 
integer m > 1 and each connected component W of fc m {P c ,i(0)) on which f™ is 
univalent, f™ maps a neighborhood of W biholomorphically to W c and the distortion 
of this map on W is bounded by A 2 . 

Proof. Recall that for each parameter c in Pa(— 2) the set W c contains the closure 
of P C) i(0) and that these sets depend continuously with c on V?,{— 2) (c/., part 2 
of Lemma \A. II and Lemma \2.hl . As the closure of V^{— 2) is contained in V^,(— 2) 
(part 1 of Lemma l3.3j) . we have 

A:= inf modO? c \cl(P c i(0))) > 0. 
ceVi{-2) 



Then the desired assertion follows from Lemma 1472] and Koebe Distortion Theorem 
for this choice of the constant A. □ 

4.2. Proof of Main Theorem assuming Proposition [Aj The following ele- 
mentary lemma describes the itinerary of the postcritical orbit, for the parameter c 
for which we show there is a low-temperature phase transition. 

Lemma 4.4. Let N > 1 and Iq > 1 be given integers satisfying 2£ > N. De- 
fine (afe)tf^ as the sequence in {0, 1} N ° such that for k in Nq we have = if and 
only if there is an integer I > £q such that 

£ 2 < k < f + N ~ I. 
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Moreover, let N : N — > No be the function defined for k > 1 by 

N(k) := #{j € {0, . . . , k - 1} | aj = 0} 

and let B : N — > N 6e the function defined by B(l) = 1 and for k > 2 by 

B(k) := 1 + #{j e {0, . . . , k - 2} | 0j ^ a j+ i}. 

Then for every k in {1, . . . , ^q} we have N(k) = and B(k) = 1 and /or every k > 
£q + 1 we /iaue 

(4.3) B(fc) < 2(\/fc - £ ) + 3 and N ■ (Vk - £ ) < N{k) < NVk. 

Proof. The assertions for k in {1, . . . , ^q} and the upper bound of B(k) are straight 
forward consequences of the definitions. Let k > £\ + 1 be a given integer. If there 
is an integer £ > £ such that £ 2 < k - 1 < £ 2 + N - I, then 

N(k) = N ■ (£ — £ ) + k — £ 2 

and therefore 

N ■ (Vk — £ ) + (Vk - £)(Vk + £-N) = N(k) 

< NVk + N-(£+l-Vk- £ ). 

Using N < 2£ and £ + 1 - Vk < 1, we obtain the estimates for AT(fe) in (|4~3| . 
Suppose there is an integer € > f o such that 

I 2 + N < k- 1 < {£ + if - 1. 

Then iV(fc) = AT ■ (£ - 4 + 1) and we also get the bounds for N(k) in (113)) . □ 

Proof of the Main Theorem. Let n > 3 and Co > 1 be given by PropositionlA"! and 
let Ai > 1 and A 2 > 1 be given by Lemmas 13.61 and 14.31 respectively. 

For a given parameter c in Vz(— 2) denote by p{c) the unique fixed point of g c = 
fclyuY m ^ c an< ^ ^y p( c ) ^ ne uruc l ue fixed point of g c in Y" c , see ^3.31 Each of the 
functions 

p : V s {-2) -> C and p : V 3 (-2) -> C 
so defined is holomorphic and real. By Lemma IA.1I in Appendix [X] there is <5 > 
such that for each parameter c in the interval (—2, —2 + <5) we have 

|£> ge (p(c))| 
^ |D 5c (p(c))| ' 

Since for c = — 2 we have 

|A9- 2 (P(-2))| 1/3 = 2 and |£>/_ 2 (/3(-2))| - 4, 
taking S > smaller if necessary we assume that for each c in (—2, —2 + (5) we have 

(4.4) 2/3>|^ 5c (p(c))| 1 / 3 /l/c(/3( C ))|>l/3. 

By Proposition 13.11 there is n\ > 3 such that for each integer n > n\ the set /C n is 
contained in (—2, —2 + S). 

Fix a sufficiently large integer n > maxjno, ni} such that 

(4.5) Aj /2 A 3/2 (2/3)™ /2 < C^V 2 - 
Since /C ra is compact, we have 

X] := m£{r) c \ c £ JC n } > 1. 
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Let > 1 be sufficiently large so that A^ij N < 1 and let £q > 1 be a sufficiently 
large integer so that 

2£ > N and 1% > C*(Ai A 2 3™) 1/2 . 

By Proposition [3T] there is a unique parameter Co in IC n such that t(co) is given by 
the sequence (afc)jtS defined in Lemma l4~4l for these choices of N and £o- To prove 
the Main Theorem we just need to show that the hypotheses of Proposition [Al are 
satisfied for this choice of n and for c = Co and to = 3. 

Note for each integer k > 1 the number N(k) is equal to the number of O's in 
the sequence (ctj) jZq and that B(k) is the number of blocks of O's or l's in this 
sequence. Let k be an integer satisfying k > l\ + 1. Applying Lemma H. 31 to each 
block of O's or l's in (aj)^Zg, we obtain by (|4.3|) and by the definition of r/, 

( ,. ] A 2jVk-e ) +3 f \Dg C0 ( P M)\ \ NV ~\ l^4(/" M)l 
1 • ) 2 \\Dg co (p(co))\J ~ \Dg c McoW 

A -2(Vfe-£o)-3 f \ D 9c n (p(c Q ))\ \ N ^ * o) A -3/ A 2 iVx-(VS-^o) 

" 2 vl^ Co (p(c ))|J ^ ^ } 

This implies that, 

(4.7) Xcrit(co)= hm llog|^/™(c )| 

m— >-+oo 777, 

= 1 ^firn^ i log |^5c fc (/ c "(co))| - log \Dg c (p(co))\ 1/3 

and, by Lemma [3~B1 with fc = n and y = c and by (|4.4p and (|4.5|) . that for each 
integer k > t\ + 1 we have 

(4.8) exp((n + 3fc) Xcrit ( Co )/2)| J D^+ 3 ' £ ( C o)r 1 / 2 < (C^ 1 /2)(A 2 ^ JV )(^»)/ 2 . 

This implies that for every t > the sum 

+00 

^fc.exp(t(n + 3fc)xc r it(co)/2)|^/ c n + 3fe (c )r t / 2 

fc=0 

is finite and hence that the last hypothesis of Proposition[S]is automatically satisfied 
when the other ones are. 

To prove that the rest of the hypotheses of Proposition [5] are satisfied, observe 
that by (|4.7p , by Lemma 14.31 by Lemma 13.61 with k = n and y = c and by 
and (|4.5I) . for each integer k in {0, 1, . . . ,£q} we have 

(4.9) A- 1/2 A 2 - 1/2 (l/3)"/ 2 < exp((n + 3fc) Xcrit ( C o)/2)|^/ c "+ 3fc ( Co )|- 1 /2 

< Aj /2 A2 /2 (2/3) ,i/2 < C'o 1 /2. 

So, if for each t > we put 

+oo 

2 -N\t(y / k-e )/2 



S(t):= £ ( A h~ N ) 
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then by (|4.8j) we have 

+00 t 
(4.10) ^exp^n + Sfc)^^)^)^/^^)!-' 72 < ^(ll + 1 + S(t)). 

By our choice of N we have A|ry _JV < 1 and hence S(t) — > as t — >• +00. Together 
with the fact that Co > 1, this proves that the sum above converges to as t —> +00. 
Finally, note that by (14.91) and our choice of £$ , the sum above with t = 3 is greater 
than Cq . This completes the proof that the hypotheses of Proposition[3]are satisfied 
with c = Co and to = 3 and thus completes the proof of the Main Theorem. □ 

5. Expansion away from the critical point 

For an integer n > 4 and a parameter c in V n (—2) put V c :— P Ci „+i(0) and denote 
by D' c the set of all those points z in C \ V c for which there is an integer m > 1 
such that f m (z) is in V c ; for such z denote by m c (z) the least integer m with this 
property and call it the first landing time of z to V c . The first landing map to V c 
is the map L C :D' C ^ V c defined by L c (z) = /™ c(z) (z). 

The purpose of this section is to prove the following proposition. 

Proposition B. There is a constant C± > 1 such that for each e > there is 7J2 > 4 
swc/i i/iai the following property holds: For each integer n > TI2 , each parameter c 
in JC n , and each z in L^T 1 (V r c ) we have 

140)1 > cr^wd-o. 

To prove this proposition we first show that the restriction of L c to each con- 
nected component of its domain admits a univalent extension onto P C) i(0) fLemma l5.1[) . 
The proof of the Proposition [B] is given in £15.2[ after some derivative estimates 
stated as Lemmas 15.31 and 15.41 

5.1. Univalent pull-back property. Note that the domain D' c of L c is a disjoint 
union of puzzle pieces, so each connected component of D' c is a puzzle piece. Fur- 
thermore, for each connected component W of D' c the first landing time to V c of 
all points in W is the same; denote the common value by m c (W). So L c maps W 
biholomorphically to V c . 

Lemma 5.1 (Univalent pull-back property). For every integer n > and every 
parameter c in "Ps(— 2) the following property holds. Let m > 1 be an integer and z 
a point in /<r m (Pc,i(0)) such that for each j in {0, . . .,m — 1} we have fjl(z) $ 
P=,k+i(0). Then the puzzle piece P of depth m + 1 containing z is such that for 
every j in {0, . . . , m — 1} the set fl{P) is disjoint from P Ci s + i(0) and f™ maps P 
biholomorphically to P C) i(0). If in addition c is real, then P intersects the real line. 

The proof of this lemma is below, after the following one. 

Lemma 5.2. Let c be a parameter in Vo(—2), let £ > 1 be an integer, and let z be 
a point in f~ (P c ,i(0)) such that for each j in {0, ...,£— 1} the point fji(z) is not 
in P c ,i(0). Then z is in V c j or in V c ,i- 

Proof. We proceed by induction in £. The case £ = 1 follows from 

/c _1 (-Pc,i(o)) - MPcAQ)) u MPcMo)) = v c ,i u v c ,i. 



20 



DANIEL CORONEL AND JUAN RIVERA-LETELIER 



Let £ > 2 be an integer and suppose the desired assertion holds with £ replaced 
by I — 1. If z is as in the lemma, then z is not in P Cj i(0) and G c (z) < 1/2* < 1/2. 
Therefore z is in either P c ,i(— /3(c)) or P Ci i(/3(e)); in both cases / c (^) is in P Ci0 (/3(c)). 
Applying the induction hypothesis to / c (.z) we conclude that f c (z) is in 14,£-i and 
therefore that z is in 

f~ 1 (V c ,i-x) = V Cli UV cA . 
This completes the proof of the induction step and of the lemma. □ 

Proof of Lemma \5 . 1\ We proceed by induction in m. Since /~ 1 (P Cj i(0)) = 14,i U 
14,1) the desired assertions clearly hold for m = 1. Given an integer m > 2 suppose 
by induction that the desired assertions hold for every integer less than or equal 
to m — 1. Given z as in the statement of the lemma, let P be the puzzle piece of f c 
of depth m + 1 containing z, so that f™(P) — P c ,i(0). 

First, we prove that f™ maps P biholomorphically to P C) i(0). Let £ > 1 be 
the least integer such that f*(P) is contained in P Ci i(0); we have £ < m. If P is 
not contained in P Cj i(0), then it is contained in V c ,£ or V c j (Lemma 15. 2[) ; in both 
cases P is contained in a puzzle piece of depth £+1 that is mapped biholomorphically 
to P c ,i(0) by f~. If P is contained in P Cj i(0), then £ > 2, f c (P) is contained in V c ,e-i 
(Lemma 15. 2p . and our hypotheses imply that £ — 1 < n. So the puzzle piece of f c 
of depth £ + 1 containing P is mapped biholomorphically to 14,^-1 by / c ; this 
proves that in all the cases maps the puzzle piece of depth I + 1 containing P 
biholomorphically to P c .i(0) and shows the inductive step in the case where £ = m. 
If £ < m — 1, then by the induction hypothesis applied to m — £ instead of m 
and with f^{z) instead of z, we conclude that f™ maps f*(P) biholomorphically 
to P c .i(0). This completes the proof that f™ maps P biholomorphically to P Cj i(0). 

Now we prove the other assertions of the lemma. For each j in {0, . . . , m — 1} 
we have f£(z) £ P c ,k+i(0)- Let P' be the puzzle piece of depth m contain- 
ing z' := f c {z). By our induction hypothesis we just need to prove that P is disjoint 
from P Cj k+i(0), and if c is real, that P intersects R. Suppose z is not in P Cj i(0). 
Then by Lemma [5.21 there is an integer £ > 1 such that z belongs to V c .i or V c .i- 
Then m > £ and P is contained in one of these sets; it follows that P is disjoint 
from P Cj i(0) and hence from P Ci s+i(0). Suppose c is real. Then the maps cj> c and <p c 
are both real and by our induction hypothesis P' intersects R. Since P is equal to 
either <fi c (P') or 4>c{P')i h follows that P also intersects R. It remains to consider 
the case where z belongs to P C) x(0). Since by hypothesis z is not in P c .k+i(0), the 
point z' is not in P c ,n{— P(c)). So there is an integer I < rn— 1 in {1, . . . , n— 1} such 
that z' is in 14^ (Lemma 15.21) . It follows that P' is contained in 14,^ and that it is 
therefore disjoint from P c ,n(— this implies that P is disjoint from P Ci ^ +1 (0). 
If c is real, then by the induction hypothesis P' intersects R. Since P' is contained 
in V c ^i and I < n— 1, it follows that P'nR is contained in f c (M). This implies that P 
intersects R and completes the proof of the induction step and of the lemma. □ 

5.2. Derivatives estimates. 

Lemma 5.3. There is a constant C2 > 1 such that for every e > and every 
integer mi > 1 there is n$ > 3 such that the following property holds for each 
integer n > 713 and each parameter c in K, n : For every integer m > 1 and every 
point z in / ( 7 m (P Ci i(0)) such that for each j in {0, . . . , m — 1} we have fj!(z) £ 
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Pc,roi(0), we have 

\Df™(z)\ > C^ 1 2 m ( 1 - e i. 
If in addition z is in P c .i(0), then 

\DfT{z)\ < C 2 2 m{1+£) . 

Proof. Let A2 > 1 be the constant given by Lemma 14.31 Given a parameter c 
in [—2, 1/4) consider the smooth homeomorphism 

ft c : [0,1] -> [-/?(c), /3(c)] 

6> 1 ^ /i c (0) := /3(c)cos(7T0); 

it depends smoothly on c and when c = — 2 we have 

in! \Dh-2(h-\{y))\/\Dh- 2 {h-\(x))\ > 0. 

z e [_,3(-2),/3(-2)] ' V -2W;i/l 2 V -2V ))\ 

»6[a(-2),5(-2)] 

So there is <5 e (0, 9/4) such that 

«:= r inf inf \Dh c {h- l {y))\/\Dh c {h-\x))\ >0 

ce[-2,-2+<5 ] xe[- 13(c) J3(c)] 
y£[a(c),a(c)] 

and 

«:= inf inf [^(/i- 1 ^))!/!^^- 1 ^))! < +cx). 

c6[-2,-2+<5 ] i£[a(c),a(c)] 
ye[a(c),a(c)] 

Let e > and let mi > 1 be given. Taking mi larger if necessary, we as- 
sume mi > 4. Since P c ,mi(0) depends continuously with c on V mi —i(— 2) (c/., 
Lemma |2.5[) and since this last set contains the closure of V mi {— 2) (part 1 of 
Lemma |3~3"|) . there is r > such that for each parameter c in P mi (-2) n [—2, 1/4) 
we have 

[1/2 - r, 1/2 + r] C /^(Pc^O) H [-/3(c), /3(c)]). 

For each parameter c in [—2, 1/4) let T c : [0, 1] — > [0, 1] be the map defined by T c — 
h^ 1 o f c o /i c . When c = —2 the map T_2 is the tent map given by T_2(^) = 20 
on [0, 1/2] and 7-2(0) = 2 - 20 on [1/2, 1]. When c is not equal to -2, the map T c 
is smooth on [0, 1]. A direct computation shows that there is 5\ in (0, 5q) such that 
for each parameter c in [—2, —2 + <5i] and each 9 in [0, 1] satisfying |0 — 1/2| > r, 
we have 

2 1 - 6 < \DT C {9)\ < 2 1+£ . 

Let n\ be given by Proposition 13.11 with S = S\. 

Fix an integer n > max{ni,mi} and a parameter c in K, n . By Proposition 13.11 
we have K, n C (—2, —2 + Let m > 1 be an integer, z a point in / I T Tn (-Pc,i(0)) 
such that for each j in {0, . . . , m — 1} we have /|(z) ^ -P c .mi(0) and let P be 
the puzzle piece of f c of depth m + 1 that contains z. By Lemma 15.11 with n 
replaced by mi — 1 there is a real point x in P and for every j in {0, . . . , m — 1} the 
point fi(x) of fl(P) is not in P Cjmi (0); by our choice of r it follows that h~ 1 {fl{x)) 
is not in [1/2 — t, 1/2 + r]. On the other hand, /™ maps P biholomorphically 
to P c .i(0) and by Lemma B~31 the distortion of /™ on P is bounded by A 2 . Since x 
is in [—/3(c), /3(c)] and 

/ c m (x) £ / c m (P) nl= P c .i(0) fll = (a(c), 5(c)), 
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by the considerations above we have by the definition of k, 
\Df c n (z)\ > A 2 1 \Df" l {x)\ 

= A^pMfrc W*)))! ' \DT™{h-\x))\/\Dh c {h- c \x))\ 

If in addition z is in -P c .i(0), then x belongs to (a(c), 5(c)) and by the considerations 
above we have by the definition of k, 

\Df c n (z)\<A 2 \Df™(x)\ 

= A 2 \Dh c {h-\f?{x)))\ ■ \DT™(h-\x))\/\Dh c {h-\x))\ 

This proves the lemma with n 2 = maxjri!, mj and C 2 — A^ 1 maxfre -1 , k}. □ 

Lemma 5.4. There is C3 > 1 such that for each integer n > 4 and each parameter c 
in KC n the following properties hold for each integer q > 1: 

1. For each open set W that is mapped biholomorphically to P Ci i(0) by /| and 
each x in W we have 

iDMx^^C^lDfr'iMxW 1 ' 2 . 

2. If q — 1 7^ n, then for each point x in f~ (I4,g-i) we have 

\Dr c (x)\>C^\Df c ((3(c))\ q/2 - 

Proof. Let Ai > 1 and A2 > 1 be the constants given by Lemmas 13.61 and 14. 3[ 
respectively. 

Since the sets P Cl i(/?(c)) and P C) i(0) are disjoint and depend continuously with c 
on Vo(— 2) (cf, £12.5l and Lemma [2~5j) and since Vq(— 2) contains the closure of Vi{— 2) 
(part 1 of Lemma l3.3j) . we have 

Si := inf diam(P c i(0)) > and S 2 := sup \Df c ((3(c))\ < +00. 

On the other hand, for each c in Vs{— 2) the closure of P Ci i(0) is contained in W c 
and W c depends continuously with c on Vs{— 2) (part 2 Lemma |4TT|) ; so 

S 3 := inf mod(^ c \ cl(P c ,i(0))) > 0. 

c£Vi{-2) 

Let n > 4 be a integer and c a parameter in JC n . 
1. Note that /* maps a neighborhood W of W biholomorphically to W c (Lemma l4.3[) . 
So if we put W := / C (W0) then c is not in W' and fl~~ x maps W biholomorphically 
to W c ] in particular we have 

mod(W' \ c\(f c (W))) = mod(W c \ cl(P C;1 (0))) > S 3 . 

Thus there is a constant A\ > independent of n, c and g such that for every x 
in W, we have 

|/c(a:) - c\ > dist(/ c (W),c) > dist(f c (W),dW') > A x diam(/ c (W)) 

(c/., [LV731 Teichmuller's module theorem, §11.1.3]). Thus, if we put A 2 := 2(A 1 A^S 
then by Lemma l4~3l with m = q — 1 and with W replaced by / C (W") we have 

|P>/c(*)l > 2< 2 diam(/ c (W0) 1/2 > A 2 \Dtr\Ux))\- 1/2 . 
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This proves part 1 with constant C3 = A^ 1 ■ 

2. Since f c (x) is in V Ci9 _i and this last set is contained in P c . g _i(— /3(c)) (part 1 of 
Lemma l3.2j) . by Lemma 13.61 with y = f c (x) and k = q — 1, we have 

(5-1) \Dfr l {f c {x))\ > A^lDfrMcW" 1 - 

Our assumption q — 1 =/= n implies that / c (0) = c is not in V C q—i, so /* maps the 
connected component W of f~ l {V c ^ q -\) containing x biholomorphically to P Cj i(0). 
So the desired assertion with C3 replaced by (^(AiE^) 1 / 2 follows from (I5.1[) and 
from part 1. □ 

Proof of Proposition \B[ Let C2 and C3 be the constants given by Lemmas 15.31 
and 15.41 respectively. Let mj > 2 be sufficiently large so that 

2 (m 1 -l) £ /2 > C%C ^ 

and let 77.3 be given by Lemma [5.31 for this choice of mi. Notice that for c = — 2 
we have Df-2(J3(— 2)) = 4. So, in view of Proposition 13. 11 we can take 713 larger if 
necessary and assume that for each parameter c in V ni {— 2) we have 

\Df c (P(c))\ 1/2 >^ E/2 
We prove the desired assertion with 712 = and C% — Ci. To do this, let n > 713 
be an integer, c a parameter in /C„, and let z be a point in L f T 1 (V r c ). If for every j 
in {0, . . . ,m c (z) — 1} we have fl(z) P C)TOl (0), then the desired assertion follows 
from Lcmma l5.3l with m = m c (z). So we assume that there is £ in {0, . . . , m c (z) — 1} 
such that fc(z) belongs to P c . mi (0). Let fc > 1 be the number of all such integers, 
let t\ < £2 < ■ ■ ■ < (-k be the increasing sequence of all of these numbers, and 
put £k+i '■= m c (z). Given s in {1, . . . , fc} let l' s be the least integer I > l s + 1 such 
that fl ( z ) is in P c ,i(0). Then i' a < £ a+1 , £' s - £ s > mi - 1, and the point ft +1 {z) 
belongs to V c e'—t B -i fLemma 15. 2p . By our choice of z, the point f^ s {z) does not 
belong to V c — P c , n+ i(0) = / < T 1 (V r c ,„), so £' s —i s —l 7^ n and by part 2 of Lemma l5.4l 
with q — £' s — £ s and x = f^ s (z) and by our choice of 77,3 and mi we have 

(5.2) \D&- l '{f c >{z))\ > C^DUWcftf'-W 

> c 3 - 1 2«-^)( 1 - e / 2 ) > C 2 2«- £ ^( 1 - £ ). 

When £' s = £ s+ \ we obtain 

(5.3) \Dft +1 ~ ts {ft{z))\ > 2^+ 1 "^Ki-e). 

In the case where £' s < £ s +\ — 1, the point fc 3 (z) belongs to P c ,i(0) but not 
to P c , mi (0); so (|5.2j) together with Lemma 15.31 with m = £ s +\ — £' s and with z 

replaced by fc 3 (z) implies, by our choice of 713, that 

\Dfi>+^>(fi>{z))\ > \Dfi^- e '{f^{z))\C 2 2^-^-^ > 2 (^-'.)(i-0. 

So in all the cases we obtain (|5 . 3[) and therefore 

k 

(5.4) \Df^-^(f^(z))\ = J] \Dfi^- t '(fc{z))\ > 2 ("»-W-^)(i-e). 

s=l 

This proves the desired inequality in the case where £\ = 0. If ^1 > 1, then by 
Lemma 15.31 with m = £1 we have 

|Af*0OI><? a ~ 1 2* (1 ~ e) - 
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Together with (|5.4j) this implies the desired inequality and completes the proof of 
the proposition. □ 

6. Induced map 

In this section, for a parameter c in P 4 (— 2) we use the first return map F c of f c 
to V c to study Pf and Pf. After some basic considerations in i j6.ll we show that Pf 
and Pf are related to a 2 variables pressure function of F c through a Bowen type for- 
mula, see Proposition [C] in £)6.2l and compare with |SU03j and [PRL11] . We do this 
by analyzing the convergence properties of a suitable Poincare series (Lemma l6.5[) . 
In the proof of PropositionlClwe use a lower bound for P^ (Proposition ^. 21 in §6.3j) 
that is used again in the next section. 

6.1. Induced map. Let n > 4 be an integer and c a parameter in JC n . Through- 
out the rest of this section put V c := P Cj4 (0). Since the critical value c of f c is 
in P c ,„(-/3(c)) (part2ofLemma[3il), the closure of V c = P c ,„+i(0) = /- 1 (P c ,„(-/3(c))) 
is contained in V c = f^ 1 (P c ^(—(3(c))) (cf., part 1 of Lemma 13. 2| . 

Let D c be the set of all those points z in V c for which there is an integer m > 1 
such that f™(z) is in V c . For z in D c denote by m c (z) the least integer m with this 
property and call it the first return time of z to V c . The first return map to V c is 
defined by 

F C :D C -> Vc 

z i y F c {z):=f^ (z \z). 

It is easy to see that D c is a disjoint union of puzzle pieces; so each connected 
component of D c is a puzzle piece. Note furthermore that in each of these puzzle 
pieces W, the return time function m c is constant; denote the common value of m c 
on W by m c (W). 

Lemma 6.1 (Uniform bounded distortion). There is a constant A3 > 1 such that 
for each integer n > 5 and each parameter c in IC n the following property holds: For 
every connected component W of D c the map F c \\y is univalent and its distortion 
is bounded by A3. Furthermore, the inverse of F c \w admits a univalent extension 
to V c taking images in V c . In particular, F c is uniformly expanding with respect to 
the hyperbolic metric on V c . 

Proof. Recall that for each parameter c in V4(— 2) the critical value c of f c is 
in P Cj4 (— /3(c)) (part 2 of Lemma 13.31) . so set P c ,4(0) = f^ 1 (P c ^(—/3(c))) contains 
the closure of P Ci s(0) = / ( T 1 (P C ,4(— /3(c))) (cf, part 1 of Lemma 13. 2p and that these 
sets depend continuously with c on P 4 (— 2) (cf, Lemma l23|) . Since P 4 (— 2) contains 
the closure of Ps(— 2) (part 1 of Lemma l3~3|) we have 

A := inf mod(P c , 4 (0) \ cl(P c , 5 (0))) > 0. 
ceP 5 (-2) 

Let A3 be the constant A given by Koebe Distortion Theorem for this value of A. 

Since V c is disjoint from the forward orbit of (Lemma I4.2[) . for each con- 
nected component W of D c the map y™ c ( M/ ) maps a neighborhood W of W bi- 
holomorphically to V c . By Koebe Distortion Theorem the distortion of fj 1 "^^ 
on W is bounded by A3. Note that W is a puzzle piece intersecting the puzzle 
piece V c . Thus, these puzzle pieces are either equal or one is strictly contained in 
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the other. Since W does not contain 0, it follows that W is strictly contained in V c . 
Thus (yfT"'^ W ^\^j i s an extension of F c \^ to V c taking images in V c . □ 

6.2. Pressure function of the induced map. Let n > 4 be an integer and 
let c be a parameter in K. n . In this subsection we state a Bowen type formula 
relating Pf- (resp. P^) to a certain 2 variables pressure of F c (Proposition [C]) that 
is shown in §6.41 

Denote by 55 c the collection of connected components of D c and by 55j? the sub- 
collection of 55 c of those sets intersecting R. For each W in 55 c denote by 4>w ■ 
V c — > V c the extension of F c \w gi ven by Lemma [6~T1 Given an integer I > 1 denote 
by £7 C) ^ (resp. E 1 ^) the set of all words of length I in the alphabet 55 c (resp. 55^). 
So, for each integer £ > 1 and each word W\ ■ ■ ■ We in E c ,e the composition 

4> Wl -W e = 4>Wx o • • • o 4> Wt 

is defined on T4. Put 

m c (Wi • • • Wt) = m c (Wi) + • ■ ■ + m c (Wi). 
For in R and an integer £> X put 

^(*.P) ■= E exp(-m c (Fy)p) (sup{|D^ L («)| | z G V^})* 

and 

Z c c £ (i,p) := £ exp(-m c (F£)p) (sup{|£><^)| | z E V C }Y . 

For a fixed t and p in R the sequence 

2 \ +oo / \ +ooN 



^logZ c K £ (i,p)J^ (resp. ^jlog2^(t,p) 

converges to the pressure function of F c \n c rm. (resp. F c ) for the potential —t log |Z5F C | - 
pm c ; denote it by &f(t,p) (resp. (i,p)). On the set where it is finite, the func- 
tion 3^ (resp. ) so defined is strictly decreasing in each of its variables. 

Proposition C. There is m > 4 suc/i that for every integer n > n± and every 
parameter c in K, n we have for each t > 3, 

P c K (i) = inf {p | ^ c R (t,p) < 0} (resp. Pf{t) = inf {p \ &£(t,p) < 0}) . 

The proof of this proposition is given in £16.41 after we give a lower bound on the 
pressure function in the next subsection. 

6.3. Critical line. The purpose of this subsection is to prove the following propo- 
sition. 

Proposition 6.2. For every integer n > 5 and every parameter c in IC n we have 

X?nf(c) := inf j J log \Df c \dfi \ fi e < Xcrit(c)/2. 

In particular, for each t > we have 

> P C R (<) > -*Xcrit(c)/2. 
The proof of this proposition is given after the following lemma. 
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Lemma 6.3. There is a constant C4 > such that for each integer n > 5 and each 
parameter c in K, n> the following property holds: For every integer k > there is 
a connected component W of D c contained in P CjIl+ 3fc_|_i(0), that intersects R and 
such that m c (W) = n + 3fc + 3 and 

sup \DF c (z)\<C 4 .\Df?+* k (c)\ 1 ' i . 

Proof. Let A 2 > 1 and A3 > 1 be the constants given by Lemmas 14.31 and 16. 1[ 
respectively. Since the set P c .i(0) depends continuously with c on T'o(—2) (cf, 
Lemma 12 . 5|) and since this last set contains the closure of Va(— 2) (part 1 of 
Lemma l3.3p . we have 

S := sup diam(i- > Cj i(0)) < +00 

c&Va{-2) 

and 

Si := sup sup \Dfl(z)\ < +00. 

ceVii-2) zePe,i(o) 

Fix an integer n > 5, a parameter c in JC n , and an integer k > 0. Then the 
parameter c is real, so a(c) and 5(c) are both real f H3.1[) and the set A c is contained 
in the interval 

P Cl8 (0)nR= (w(c),w(c)), 

see ^3.31 On the other hand, the point cti(c) is real (i j3.1[) and c is in P Cjn (— /3(c)) 
(part 2 of Lemma [3.3p , so c < a% (c) . Note moreover that V c 1 is invariant by complex 
conjugation and that V Ct i PlK = («i(c), a(c)) - It follows that / ( T 1 (V r c ,i) is the 

disjoint union of 2 puzzle pieces X c and X c , such that 

I c nl= (a(c),w(c)) andX c ni = (2(c), 5(c)). 

Moreover, each of the puzzle pieces X c and X c is a connected component of D' c 
and m c {X c ) — m c (X c ) = 2. 

Since maps P Cj „ +3fc+2 (0) properly onto P c ,i(0), it follows that 

maps the end points of the interval P C) „ + 3fc + 2(0)nK into 9P Cj i(0)nK = {cv(c), 5(c)}. 
Since /™+ 3fc +! (0) is in A c C Y c UY Cl it follows that the interval /»+ 3fe + 1 (P c ,„ +3fe+2 (0)H 
R) contains either J c fl R or X c fl R. This proves that there is a connected compo- 
nent W of D c contained in P„_|_3fc + 2(0), that intersects R and such that m c (W) = 
n + 3k + 3. Let z w be the unique point in W such that / [ n+3H3 (z H /) = 0. 
Then fl l+3k+1 (zw) belongs to P C) i(0), so by definition of So we have 

(6.1) \f: +3k+1 {zw) - f c l+3k (c)\ < diam(P Cil (0)) < S . 

Since /" maps V c , n — P c ,n+i( c ) biholomorphically to P c ,i(0) and /"(c) £ A c , it 
follows that J™+ 3fe maps P c ,n+3fe+i(c) biholomorphically to P Cj i(0); so the distortion 
of f 7 c l + 3k on P c ,n+3fc+i(c) is bounded by A 2 (Lemma I4.3[) and for each point y 
in P C)n+3fe+ i(c) we have 

(6.2) A^\Df^ 3k (c)\ < \Df?+ 3k (y)\ < A 2 \Df?+ 3k (c)\. 
Together with (|6.ip this implies that, 

\f c (z w )-c\ < A 2 E \Df^+ 3k (c)\- 1 

and therefore that, 

\Df c (z w )\ < 2A 2 /2 S /2 |^/ c "+ 3fc (c)|- 1 / 2 . 
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Combined with (|6.2|) with y = f c (zw), this implies 

\Df^ 3k +\z w )\ < 2A! /2 SJ /2 |D/ c " +3fc (c)| ] 
Putting C4 := 2A 3 S! A 3 / 2 Sq , we get by Lemma |6~T1 



sup |DF c (z)| < A 3 |Z?/ C " +JW (2 W )| 

zGW 



n+3&+3 / 

< A 3 H 1 | J D/ c "+ 3fc+1 (^)| < C 4 |-D/ c n+3fe (c)| 1 /2. 



□ 

Proof of Provosition I 6\ £1 Let C4 be given by Lemma [6731 and for each integer k > 
let VF/t be the element W of 3) c given by the same lemma. Since Wk intersects M. 
and F c \w k = fc +3k+3 \w k maps Wk biholomorphically to V c , we have f 7 c l+3k+3 (WkD 
M) = V c n K. On the other hand, since Wk C T4, there is a periodic point of f c of 
period n + 3fc + 3 in the closure of Wk HR. Denoting by ^fe the invariant probability 
measure supported on the orbit of pk, we have by Lemma [B~3l that for each t > 

Xf nf (c) < / \og\Df c \d^ k = 1 log|J/-+ 3fc + 3 ( Pfc )| 
J n + Sk + 3 

<^^aogc 4+ iogi^( C )r). 

We obtain the desired inequality by letting k — > +00. □ 
6.4. Proof of Proposition [Cl 

Lemma 6.4. There are n§ > 4 and C5 > 1 swc/i i/iaf /or every integer n > n§ 
and every parameter c in IC n the following property holds: For each t > 3, p > 
— £(Xcrit(c) + ilog2)/2, and ?/ m V c we have 

L t>P (y) ■= 1 + E exp(-m c (z)p)|CL c (z)r* < C\. 

Proof. Put e := 4^, let Ci and ri2 be given by Proposition [El with e = £0, and 
let ri3 be given by Lemma 15.31 with e = £0 and mi =4. We prove the lemma 

1/3 

with 715 := nmx{n2, 713} and C5 := Ci (l — 2~ 1 / 10 ) 

Let n, c, t, p and y be as in the statement of the lemma. By Lemma 15.31 
with z = /"(c) we have 

Xcrit(c) = hminf - log \Df™(c)\ < (1 + £0) log 2. 

m— >+oo 77), 

On the other hand, for each integer m > 1 the set {2 €E L~ l {y) \ m c {z) = m} is con- 
tained in fc m (y) and therefore it contains at most 2 m points. So by Proposition IBI 
and the definition of C5 we have 

+00 n 
L ta ,(v) <C{Y^ 2 m ( 1 --o t ) < C%. 



rn—0 



□ 
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Lemma 6.5. Given an integer n > 5 and a parameter c in JC n the following 
property holds for every t > and every real number p: If &f-(t,p) > (resp. 
£Pc(t,p) > 0), then the series 



(6.3) ^exp(-j» ]T \DfHy)\-* 

3 = 1 »6/d7/(0) 



resp. ^exp(-jp) ^ \ D fl(y)\~ 

diverges. On the other hand, there is n$ > 5 such that if in addition n > rig, then 
for every t > 3 and 

P > Ff(t) - t± log 2 (resp. p > P c c (t) - ^ log 2 ) 

satisfying &^{t,p) < ('resp. <^F(i,f>) <0), the series above converges. 

Proof. We prove the assertions concerning / c |j c ; the arguments apply without 
change to f c \i c - Let A3 > 1 be the constant given by Lemma |6~T1 

Suppose first &c(t,p) > 0. Since for each integer I > 1 every point of F~ l (0) is 
a pre- image of by an iterate of / c , by Lemma l6. li the series (|6.3|) is bounded from 
below by, 

+00 

£ £ eM-(m c (Ft 1 (y)) + ---+m c (y))p)\DF^y)\- t 

+ OO 

> A 3 - t Vz c c £ (i,p) = + TO . 



-t ' 
l=i 

To prove the last part of the lemma, let rc.g and C5 > 1 be given by Lemma HT4l 
We prove the desired assertion with n$ — n§. Suppose in addition we have n > 715 
and let 

t > 3 and p > P c c (f) - t± log 2 

be such that ^(t,p) < 0. By Proposition Owe have p > -t(x crit (c) + | log 2)/2, 
so t and p satisfy the hypotheses of Lemma 16.41 Given an integer m > 1 and a 
point z in /,T m (0) denote by £(z) the number of those j in {0, . . . , m — 1} such 
that fl(z) is in V c . In the case where z is not in V c , this point is in the domain 
of L c and we have £(z) = if and only L c (z) = 0. Moreover, if z is not in V c 
and £(z) > 1, then L c (z) is in the domain of Fp*^ and F^ z \L c (z)) — 0. So, if z is 
not in V c we have in all the cases 

\Df™(z)\ = \DF^(L c (z))\-\DL c (z)\. 

Then Lemma 16.41 implies that the series (|6.3|) is bounded from above by 

+00 

W0)+£ E ^, P (y)exp(-(m c (Fi- 1 ( 2 /)) + ... + m c ( 2 /))p)|DFi(y)|-* 

<C\ (l + 2^(t,p)J <+oc. 

V <=0 / 
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□ 

Proof of Proposition W[ We prove the assertion for f c \ j c ; the arguments apply with- 
out change to f c \i a - Let A3 > 1 be given by Lemma 16.11 and rig by Lemma 16.51 
Let n > be an integer and let c by a parameter in IC n . We use that fact that for 
each t > we have 

(6.4) Pf(t)= limsup - log ]T \Df c n (y)\-\ 

ye/<T m (o) 

see for example !Urb03] or |PRLS04j . 

Fix t > 3. We use the fact that the function p \-t ^^(t,p) is strictly decreasing 
where it is finite, see ^6.21 In particular, for each p satisfying p < p$ := inf{p : 
^ci^iP) — 0} we have ^^r(t,p) > 0. Lemma 1631 implies that for such p the 
series (j6.3j) diverges and by (|6.4[) we have P~ (t) > p> po- To prove the reverse in- 
equality, suppose by contradiction po < P^(t) and let p be in the interval (po, P^(t)) 
satisfying p > pf(t) - t±\og2. Then ^(t,p) < and by Lemma ECS the se- 
ries (|6.3p converges. Then (|6.4I) implies P^(t) < p and we obtain a contradiction 
that completes the proof of the proposition. □ 

7. Estimating the geometric pressure function 

The purpose of this section is to prove the following proposition. The proof of 
Proposition^! at the end of this section, is based on this proposition, together with 
Propositions [C] and 16.21 

Recall that for a real parameter c, 

Xcrit(c) = liminf llog|£>/ c m (c)|. 

m—>+oo m 

Proposition D. There are > 4 and C§ > 1 such that for every integer n > n.7 
and every parameter c in ZC„ the following properties hold for each t > 3: 

1. For p in [-*Xcrit(c)/2, 0) satisfying 

^exp(-(n + 3fc)p)|^/ c "+ 3fc (c)r* /2 > C7 6 , 

fc=0 

we have &f{t,p) > and P^(t) > p. If in addition the sum above is finite, 
then (t,p) is finite and Pf(t) > p. 

2. For p > — tXaii,(c)/2 satisfying 

£exp(-(ri + 3%)|I)/ c "+ 3fe (c)|-< /2 < C^, 

fe=0 

we have &%(t,p) < and P c c (t) < p. 

3. For p > — iXcrit(c)/2 satisfying 

+00 

J2 k ■ exp(-(n + 3fc)p)|^/ c "+ 3fc (c)r t/2 < +cx>, 

fe=0 

we /iai>e 

m c (W) • exp(-m c (W)p) sup |_D.F c (.z)| -t < +00. 
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The proof of Proposition [D] is given after Lemma 17. 1[ below, which is used in 
the proof. The proof of Proposition lAl is given after the proof of Proposition H51 

Let n > 4 be an integer and c a parameter in K. n . Since the critical point z — 
does not belong to D c ( cf. , Lemma I4.2[) , for each integer I > 1, each connected 
component of D c intersecting P c ^{fS) is contained in P c ^(0). We define the level 
of a connected component W of D c as the largest integer k > such that W is 
contained in P c ,n+3fc+i(0)- Given an integer k > denote by 23 Cj fe the collection of 
all connected components of D c of level k; we have 2) c = Ufe^o ®<=,fc- 

Lemma 7.1. There is CV > smc/i £/ia£ for each integer n > 5, eac/i parameter c 
in K, n , each integer k > 0, and each pair of real numbers t > and p, we have 



Proof. Let A2, C3, and A3 be the constants given by Lemmas 14.31 15.41 and 16.11 
respectively. 

Fix an integer n > 4, a parameter c in JC n , and an integer k > 0. Note that there 
are precisely 2 elements W of Q c ,k such that m c (VT') = n + 3fe + 1; denote them 
by Wq and Wq. Indeed, these sets are the connected components of the pre- image 
under f c of the set (/™ +3fc |p c „ +3fc (c)) _1 (Vc)- For a connected component W of D c 
of level k denote by z\y the unique point in W such that F c (zw) = 0. If W is 
different from Wq and W^, then z' := fc +3k+1 (zw) is different from and it is in 
the domain of definition D' c of the first landing map L c to V c . So, denoting by W 
the connected component of D' c containing z' , there is a unique point ww in W 
such that L c (ww) = and we have 



Since /" maps V c ^ n — P Cj „ + i(c) biholomorphically to P c ,i(0) and /"(c) € A c , it 
follows that /™+ 3fe maps -P c ,n+3fc+i(c) biholomorphically to P C) i(0); so the distortion 
of f™+ 3k on P c ,n+3fc+i(c) is bounded by A2 (Lemmas I4.3[) and for each point y 
in P c , n +3k+i{c) we have 



On the other hand, by part 1 of Lemma 15.41 with x — z\y and q = n + 3k + 1, we 
have 



l^/^+W)! > C 3 4 |^ +3k (/cW)| 1/2 > C 3 - 1 Aa 1/2 |I>/J l+3 *(c)| 1 / a . 



V exp(-m c (VF)p) sup \DF D (z)\-* 

< 2C^exp(-(n + 3fc + l)p)|Z?.^ l + 3fc (c)r* /2 




m c (W) 



n + 3fc + 1 + m c (wvK)- 



\Df?+ 3k (y)\ > A^\Dr c l+3k (c)\. 



Together with the inequality, 
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Since the distortion of F c \w is bounded by A3 (Lemma l6.1|) for each p, t > we 
have, 

(7.1) exp(-m c (W» sup \DF c (z)\-* 
zew 

< A 3 C -' exp(-(n + '3k + l)p)\Df^+ 3k (c)\-^ 2 ■ eM~m c {w w )p)\DL c {w w )\- t . 

To prove the desired inequality, observe that for each point w of Lj 1 (0) in P Cj i(0) 
there are precisely 2 connected components W of D c in D c> k such that ww = w, in 
fact for each such W the set f c (W) is uniquely determined as the pre-image by the 
univalent map /™ +3fe |p c „ +3fc (c) of the connected component of D' c containing ww- 
Thus the first inequality of the lemma follows from (|7.1j) with constant C7 = A^Cq 1 . 

□ 



Proof of Proposition YEA Let C2 and 77,3 be given by Lemma 15.31 with m\ = 4 and 
e = |, let 714 be given by Proposition [C] let n.5 and C5 > be given by Lemma l6~4l 
and let C4 and C7 be given by Lemmas 16.31 and 17.11 respectively. We prove the 
proposition with 77,7 :— max{?73, 77,4, 715}. To do this, fix an integer n > nj, a 
parameter c in K n and t > 3. 

To prove part 1, for each integer k > let Wk be the component W of D c given 
Lemma [6731 Then for each p < we have, 



+00 

^ exp(-TO c (W» iirf |£>F c (z)|-' > ^2exp(-m c (W k )p) \DF c (z)\-* 

W6H» ' " ' fc=0 

+00 

> C 4 "* £ exp(-(n + 3fc + 3)p)| J D/?+ ak ( C )|- t / a 

+00 

> exp(-(n + 3fc)p)|Z>/™+ 3& (c)|-*/ 2 . 

This shows that, if the sum 

+00 



(7.2) £cxp(- (77 + 3fc)p) I W c "+ 3fe (c) | - 



t/2 



fe=0 



is greater than or equal to C|, then &f-(t,p) > and by Proposition [C] we 
have P^(t) > p. This proves the first part of part 1 with Cq — C4. To com- 
plete the proof of part 1, suppose (|7.2j) is finite and greater than or equal to (264)'. 
Then there is p' > p such that (17.2[) with p replaced by p' is greater than or equal 
to C\. As shown above, this implies (i) > p' > p. On the other hand, by 
Lemmas 16.41 and 17.11 the sum 

£ exp(-TO c (W» sup 1^(^)1"* 

is finite, so &f(t,p) is also finite. This completes the proof of part 1 with Cq = 2C4. 

To prove part 2, let p > — fXcrit(c)/2 be given. By Lemma [531 with z = /"(c) 
we have 

(7.3) Xcrit(c) = liminf - log \Df c n (c)\ < f log 2. 

m->+oo m 



32 



DANIEL CORONEL AND JUAN RIVERA-LETELIER 



Thus p > — 1| log 2 and therefore 2exp(— p) < 2*. So, if we put A% — 2C7C5, then 
by Lemmas 16.41 and l7.1[ we have for each integer k > 0, 

(7.4) Yl exp(-m c {W)p) sup |L>F c (z)r* 

Z€W 

< A\ exp(-(n + 3k)p)\Df^+ 3k (c)\-^ 2 . 

This proves that, if (|7.2p is less than or equal to A^*, then ^^(t,p) < and by 
Proposition [C] we have P^(t) < p. This proves part 2 of the proposition with Cq — 
Al 

To prove part 3, let p > — ix C rit(c)/2 be given and observe that by Lemma 16.41 
and by Lemma 1 7 . 1 1 with k — 0, the sum 

^ exp(-m c (W» sup \DF c (z)\-* 

is finite. Let A2 > be a constant such that for every pair of integers k > 1 
and m > 3fc + 1, we have 

m < A 2 k2^ m - 3k ^ 20 . 

By (f775j) we have 

P' :=p-^log2 > -<i§log2 and 2exp(-p') < 2*. 

Therefore for each integer k > 1 , Lemmas 16.41 and 17.11 imply that we have (|T.4[) 
with p replaced by p', so 



V m c (W0 ' exp(-m c (W» sup \DF e (z)\-* 

< y A 2 fc2 t ( m <=W- 3fc )/ 20 exp(-m c (T^)p) sup |DF C ( 

exp (— m c (W)p') sup |DF C (2)|" 



< (^A^"'/ 20 ) fc • exp(-(n + 3k)p)\D / c "+ 3fe (c)r t/2 . 

Summing over fc > we obtain the desired assertion. □ 

Proof of Proposition L4l We give the proof for f c \ j c ; the proof for / c |/ c is analogous. 
Let 714 be given by Proposition [C] and let n.7 and 6*6 be given by Proposition [D] 
Put 

no := max{5, rt4, 71,7} and Co := 6*6 
and let n > no be an integer and c a parameter in /C„ for which the hypotheses of 
the proposition are satisfied. 

The first hypothesis of the proposition together with part 2 of Proposition [D] 
with p — — ix cr it(c)/2 imply that for every sufficiently large t > we have 

< -«Xcrit(c)/2. 

From Proposition 16.21 we deduce that for such t we have equality. The second 
hypothesis of the proposition together with part 1 of Proposition Q3] with t = to 
and p = — ioXcrit(c)/2, imply that f c has a phase transition at some t* > to satis- 
fying 

P^(U) = -t*Xcrit(c)/2 < 0. 
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This proves the first part of the proposition. 

To prove the second part of the proposition, we first prove that there exists an 
equilibrium state of f c for the potential — 1„ log |-D/ C |. Our additional hypothesis 
together with part 3 of Proposition [D] with t = i* and p = — i*Xcrit(c)/2, imply 
that 

(7.5) > m c {W) exp(m c (W)t« Xcrit(c)/2) sup |.DF c (;z)| ** < +oo. 

The rest of the argument is now standard; we refer to |PRL11[ §4] for preci- 
sions, see also Remark 17.21 below. Since ^F(t„, — £*Xcrit(c)/2) = 0, there is a 
(<*, — t*Xcrit(c)/2)-conformal measure p for f c that assigns positive measure to 
the maximal invariant set of F c , see [PRL111 Theorem A in §4 and Proposi- 
tion 4.3]. Standard considerations imply that there is an invariant probability 
measure p for F c that is absolutely continuous with respect to p. Thus Ij7.5|) to- 
gether with the bounded distortion property of F c (Lemma l6.ip imply that the sum 
J2 We x> c m c(W)p(W) is finite. Therefore the measure 

m c (W)-l 

p--= E E ifi)Mw) 

wev c j=o 

is finite. This measure is invariant by f c and it is absolutely continuous with respect 
to p. To prove that the probability measure proportional to p is an equilibrium 
state of f c for the potential — t log \ Df c \, first remark that p is an equilibrium state 
of F c for the potential — i* log \DF C \ + (t*Xcrit(c)/2)m c and that the measure the- 
oretic entropy of this measure is strictly positive, see for example [MU03] . Then 
the generalized Abramov formula }Zwe05| Proposition 5.1] implies that the measure 
theoretic entropy of p is strictly positive and that the probability measure propor- 
tional to p is an equilibrium state of f c for the potential — i* log \Df c \. That this 
measure is exact, and hence ergodic and mixing, is shown for example in |You99j . 
Finally, the uniqueness of the equilibrium state is given by [Dob08] Theorem 8] and 
by Ruelle's inequality. 

The non-differentiability of at t = t* follows from the existence of an equi- 
librium state of f c for the potential — t* log \Df c \, sec [IRRL11, Corollary 1.3]. □ 

Remark 7.2. For completeness we show that for a parameter c as in the proof of 
Proposition [A] we have Xkif( c ) = Xcrit(c)/2 and 



Xp nf (c) := inf | J log \Df c \dp \ p E ^ C C | 



Xcrit(c)/2, 



although this is not needed in the proof. For each invariant probability measure p 
of f c supported on J c and every sufficiently large t > we have 

log \Df c \dfX > ("P c C (i) + M/c))A = Xcnt(c)/2 + M/ c )/t > Xcrit(c)/2. 

This proves Xkif( c ) ^ Xcrit(c)/2. Together with Proposition 16.21 and with the in- 
equality xf„f(c) > xf„f(c), this implies xf n i( c ) = xfnf( c ) = Xcrit(c)/2. 

Appendix A. Multipliers of periodic orbits of period 3 

This appendix is devoted to prove the following lemma, used in i)4.21 The func- 
tions p and p appearing in the following lemma are defined in t|4.2l 
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Lemma A.l. We have, 



d_ 

dc 



\Df!(p(c))\ 



c=-2 



> j- c \Df3(p(c))\ 



c=-2 



Proof. Notice that for c = — 2 

O := {2 cos(27r/7), 2 cos(4tt/7), 2 cos(67r/7)} 

and 

O := {2 cos(2tt/9), 2 cos(4tt/9), 2 cos(8tt/9)} 
are the only periodic orbits of minimal period 3 of /_ 2 . Since, 
P_ 2 ,i(0)nR=[a(-2),5(-2)] = [-1,1], 

it follows that x = 2cos(47r/7) and x = 2cos(47r/9) are the only periodic points of 
period 3 of /_2 in P_2,i(0). On the other hand, the inequalities 

2cos(4tt/7) < < 2cos(4tt/9) 

imply that p(-2) = 2cos(4-7r/7) and p(-2) = 2cos(47r/9) and that 

Df_ 2 {p{-2)) > > D/£ 2 (p(-2)). 

Since both functions p and p are real, the desired assertion is equivalent to, 



(A.l) 



d_ 

~dc 



Df?(p(c)) 



> 



c=-2 



d_ 
~dc 



Df!(p(c)) 



c=-2 



Let 7To be either one of the functions p, f c op, f%o p, p, f c op, or f^op and put 
= /c ° tto(c) and 7r 2 (c) = f c o m(c). 
Then f c (^2(c)) = tto(c) and a direct computation shows that 

, 1 + 27T 2 + 47T17T2 

87ro7ri7r 2 — 1 
Therefore, for each c in Vs{— 2) we have, 

(7To7ri7r 2 )(c) 

7Tl (c)7T 2 (c) + 27T0 (c)7Tl (c) + 47TQ (c)7T 2 (c) — 2c7Tl (c) — 4c7To (c) — 4c7T 2 (c) + 4c 2 

87r (c)7ri(c)7T 2 (c) - 1 

Using the formula above and the formula above with 7r replaced by wi and then 
by 7r 2 , we obtain 

d 



dc 



Df!(n (c)) = 8(7r ^i^ 2 )'(c) 

= g 7(7ro (c)TTl(c) + 7Tl(c)7r 2 (c) + 7r 2 (c)7T (c)) - 10c(7To(c) + 7n( C ) + 7T 2 (c)) + 12 C 2 

87ro(c)7ri(c)7r 2 (c) - 1 

Thus, if for each j in {1, 2, 3} we denote by Oj (resp. aj) the elementary symmetric 
function of degree j in the elements of O (resp. 0), then by the above equation 
with 7To = p (resp. ttq = p) and c = — 2 we obtain, 



d_ 
~dc 



Df c (p(c)) 



resp. ^- c Df c {p{c)) 



, 7(72 + 20(7! +48 
8(7 3 - 1 

7j 2 + 203Fi+48 N 
85?3-l 
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To calculate these numbers, for a given an integer n > 2 let T n be the ro-th 
Chebyshev polynomial, so that for every real number 9 we have 

T n (cos(0)) = cos(n0). 

Notice that the zeros of the polynomial T4,(x/2) — T%(x/2) different from x = 2 are 
precisely the elements of O. We thus have the identity 
2T 4 (x/2) - 2T 3 (x/2) 



SO <J\ 



x-2 

-1, c 2 = —2, (T3 = 1 and by the above 
d 



x + x — 2x — 1 = x — o\x + 02X — 173. 



dc 



-16. 



On the other hand, the zeros of the polynomial T^(x/2) — T<±(xj2) different 
from x = 2 and x — —1 are precisely the elements of O. Therefore we have the 
identity 



2T 5 (x/2) - 2T 4 (x/2) _ 
(x~2)(x + l) 
So cti = 0, CT2 = —3, 03 = —1 and 

d 



3x + 1 = X — G\X + (J2X — (T3. 



= 24. 



This proves (|A.1|) and completes the proof of the lemma. 



□ 
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